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Abstract 

This Thesis discusses a number of issues related to the problem of tadpoles and vacuum 
redefinitions that the breaking of supersymmetry brings about in String Theory. The idea 
pursued here is to try to formulate the theory in a “wrong” vacuum (the vacuum that one 
naively identifies prior to the redefinitions) and, gaining some intuition from some simpler 
field theory settings, try to set up a calculational scheme for vacuum redefinitions in String 
Theory. This requires in general complicated resummations, but some simpler cases can 
be identified. This is true, in principle, for models with fluxes, where tadpoles can be 
perturbatively small, and for the one-loop threshold corrections, that in a large class of 
models (without rotated branes) remain finite even in the presence of tadpoles. The contents 
of the Thesis elaborate on those of hep-th/0410101 but include a number of additions, 
related to the explicit study of a quartic potential in Field Theory, where some subtleties were 
previously overlooked, and to the explicit evaluation of the one-loop threshold corrections 
for a number of string models with broken supersymmetry. 
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Introduction 


The Standard Model and some of its problems 

Quantum Field Theory is a powerful tool and an extremely appealing theoretical 
framework to explain the physics of elementary particles and their interactions. The 
Standard Model describes such interactions in terms of Yang-Mills gauge theories. 
The gauge group 577(3) x 517(2) x 17(1) reflects the presence of three fundamental 
forces: electromagnetism, the weak interaction, and the strong interaction. All these 
forces are mediated by spin-one bosons, but they have a very different behavior due 
to their abelian or non-abelian nature. 

In electromagnetism the gauge bosons are uncharged and thus a test charge in 
vacuum can be only affected by the creation and annihilation of virtual particle- 
antiparticle pairs around it and these quantum fluctuations effectively screens its 
charge. On the other hand, for the other two interactions there is a further effect 
of anti-screening due to radiation of virtual gauge bosons that now are charged, 
and this second effect is the one that dominates at short distances in the strong 
interactions. Its consequence is the asymptotic freedom at high energies, well seen in 
deep inelastic scattering experiments, and more indirectly the confinement of quarks 
at low energies, that explains why there no free colored particles (the particles that 
feel the strong interactions) are seen in nature. The weak interactions should have 
the same nature (and therefore the same infrared behavior) as the strong ones, but 
a mechanism of symmetry breaking that leaves a residual scalar boson, the Higgs 
boson, gives mass to two of the gauge-bosons mediating the interaction, and makes 
its intensity effectively weak at energy scales lower than M\y ~ 100 GeV. 

The picture is completed adding the matter that is given by leptons, that only feel 
electro-weak interactions, and quarks, that feel also the strong interactions. Matter 
is arranged in three different generations. The peculiar feature of the Standard 
Model, that makes it consistent and predictive, is its renormalizability. And indeed 
the Standard Model was tested with great precision up to the scale of fractions of 
a TeV. However, in spite of the agreement with particle experiments and of the 
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number of successes collected by Standard Model, this theory does not give a fully 
satisfactory setting from a conceptual point of view. 

The first problem that arises is related to the huge number of free parameters 
from which the Standard Model depends, like the gauge couplings, the Yukawa 
couplings, the mixing angles in the weak interactions, to mention some of them. 
The point is that there is no theoretical principle to fix their values at a certain 
scale, but they have to be tuned from experiments. 

The last force to consider in nature is gravity. This force is extremely weak with 
respect to the other forces, but contrary to them, it is purely attractive and hence it 
dominates at large-scales in the universe. At low energies, the dynamics of gravity 
is described in geometrical terms by General Relativity. 

In analogy with the fine-structure constant a = q 2 /he that weights the Coulomb 
interaction, one can define a dimensionless coupling for the gravitation interaction 
of the form ac = GnE 2 /he 5 , where Gn is the Newton constant. In units of h = 
c = 1, one can see that ag ~ 1 for E ~ 1 /\fGpj = Mpi, where the Planck mass is 
Mpi ~ 10 19 GeR. So we see that the gravitational interaction becomes relevant at 
the Planck scale, and therefore one should try to account for quantum corrections. 
If the exchange of a graviton between two particles corresponds to an amplitude 
proportional to E 2 /Mp,, the exchange of two gravitons is proportional to 


1 

W, 



A 4 

M 4 ’ 

m Pl 


(1) 


that is strongly divergent in the ultraviolet. And the situation becomes worse and 
worse if one considers the successive orders in perturbation theory: this is the prob¬ 
lem of the short distance divergences in quantum gravity, that makes the theory 
non renormalizable. Of course a solution could be that quantum gravity has a non¬ 
trivial ultraviolet fixed-point, meaning that the divergences are only an artifact of 
the perturbative expansion in powers of the coupling and therefore they cancel if 
the theory is treated exactly, but to date it is not known whether this is the case. 
The other possibility is that at the Planck scale there is new physics. The situation 
would then be like with the Fermi theory of weak interaction, where the divergences 
at energy greater then the electro-weak scale, due to the point-like nature of the 
interaction in the effective theory, are the signal of new physics at such scale, and 
in particular of the existence of an intermediate gauge boson. In the same way, it 
is very reasonable and attractive to think that the theory of gravity be the infrared 
limit of a more general theory, and that the divergences of quantum gravity, actually 
due to the short distances behavior of the interaction, could be eliminated smearing 
the interaction over space-time. 

But the problem of the ultraviolet behavior of quantum gravity is not the only 
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one, when one considers all the forces in nature. The first strangeness that it is pos¬ 
sible to notice is the existence of numbers that differ by many orders of magnitude. 
This problem is known as the hierarchy problem. For example, between the electro- 
weak scale, the typical scale in the Standard Model, and the Planck scale, whose 
squared inverse essentially weighs the gravitational interaction, there are 17 orders 
of magnitude. Not only, the other fundamental scale in gravity, A 1 / 4 ~ lQ^^GeV, 
where A is the cosmological constant, is also very small if compared with the electro- 
weak energy E\y ~ 100 GeV. Moreover, there are other hierarchy differences in the 
parameters of the Standard Model, for instance in the fermion masses. Differences of 
many orders of magnitude seem very unnatural, especially considering that quantum 
corrections should make such values extremely unstable. Supersymmetry, introduc¬ 
ing bosonic and fermionic particles degenerate in mass, stabilizes the hierarchy but 
does not give any explanation of such differences. 

The last problem that we want to mention is the cosmological constant problem 
[T], One can naturally associate the cosmological constant to the average curva¬ 
ture of the universe, and of course the curvature is related to its vacuum energy 
density. Therefore, one could try to estimate such a density from the microscopic 
point of view p m icro , and compare it with the macroscopic value p m acro , obtained by 
astrophysical observations. The first estimate is provided in Quantum Filed The¬ 
ory considering the zero-point energy of the particles in nature. For example at the 
Planck scale Pmicro ~ Mp,c 5 /h 3 . On the other hand, from a simple dimensional anal¬ 
ysis, the macroscopic density can be expressed in terms of the Hubble constant H 
through the relation p maC ro ~ H 2 c 2 /Gjy. The point is that the theoretical estimate 
is 120 orders of magnitude greater than the observed value. Surely, supersymmetry 
can improve matters. Fermions and bosons contribute to the vacuum energy with 
an opposite sign and so a supersymmetric theory would give a vanishing result for 
Pmicro ■ One can break supersymmetry at the scale of the Standard Model with 
Ebreaking ~ TeV and considering p m i cro ~ E £ reaking /h 3 c 3 , but there is an improve¬ 
ment of only 30 orders of magnitudes. In spite of all the attempts to solve this 
great mismatch, the cosmological constant problem up to date remains essentially 
unsolved. 


The birth of String Theory and the Dual Models 

In the sixties physicists were facing the problem of the huge zoology of hadronic 
resonances that the high energy experiments were revealing. A fact was that the 
spin J and the mass rn 2 of such resonances appeared to be related linearly trough 
the simple relation m 2 = J/a', checked up to J = 11/2, where a' ~ 1 GeV~ 2 
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became known as the Regge slope. Another key ingredient of the hadronic scattering 
amplitudes was the symmetry under the cyclic permutation of the external particles. 
Considering the scattering of two hadrons (1,2) going into two other hadrons (3,4) 
and defining the Mandelstam variables as usual 

s =-(P 1 +P 2) 2 , t = -(p 2 +p 3 ) 2 , u = -(p 1 +p 3 ) 2 , (2) 

the symmetry under the cyclic permutation (1234) —► (2341) reflects itself in the 
planar duality under the interchange of s with t. On the other hand, if one attempts 
to write the interaction due to the exchange of an hadronic resonance of spin J > 1 
and mass m j, one should obtain a vary bad ultraviolet behavior with increasing 
J. In fact, the corresponding scattering amplitude in the t-channel at high energy 
would be proportional to 

A/OM) ~ 7-“"2" ■ ( 3 ) 

t — rrij 

It was Veneziano |2. that in 1968 wrote a formula for the scattering amplitude 
obeying planar duality and with an ultraviolet behavior far softer then any local 
quantum field theory amplitude, 

= r(-a(s))T(-a(t)) 

’ 1 r (-a(s)-a(t)) 

where T is the usual T-function, and a(s) = a(0)+c/s. The Veneziano amplitude has 
poles corresponding to the exchange of an infinite number of resonances of masses 
m 2 = n — a(0)/c/, and it is just the sum over all these exchanges that gives to the 
dual amplitude its soft behavior at high energy. 

In spite of its beauty and elegance, the Veneziano formula soon revealed not 
suitable to describe the hadronic interactions, since it predicts a decrease of the 
scattering amplitudes with energy that is too fast with respect to the indications of 
the experimental data. The Veneziano formula and its generalization due to Shapiro 
and Virasoro |3, to a non-planar duality (symmetry with respect to the exchange 
of each pair of the variables s, t, u), were instead associated in a natural way to 
the scattering amplitudes respectively of open and closed strings. In particular, the 
infinite number of poles of such amplitudes corresponding to the exchange of particles 
of higher spin and mass can be read as a manifestation of the infinite vibrational 
modes of a string. One of the peculiar features of the closed string is that it contains 
a massless mode of spin 2, that its low-energy interactions associate naturally to 
the graviton. Hence a theory of closed strings seems to be a possible candidate to 
describe quantum gravity without the usual pathologies at short distances, given the 
soft behavior in the ultraviolet regime of the interactions in the dual models. The 
Regge slope in this case has to be identified with the characteristic scale in quantum 
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gravity, the Planck scale, '/a' ~ 10 -33 cm. A simple argument to understand why the 
interaction between two strings has such a good ultraviolet behavior is to consider 
that in the scattering the interaction is spread along a fraction of the length of the 
strings. Hence, only a fraction of the total energy is really involved in the interaction, 
and the coupling ac is effectively replaced by 

(w) . 

where I s = \foj is the length of the string. One can observe that the bad dependence 
of E 2 is thus cancelled in a e ff- O n the other hand, an open string has in its spectrum 
a massless mode of spin one, that can be associated to a gauge vector. Therefore 
String Theory seems also to furnish a way to unify all the forces in nature, giving 
one and the same origin for gravity and gauge interactions. 

At the beginning in the Veneziano model, String Theory contained only bosonic 
degrees of freedom. Moreover it predicted the existence of a tachyon in its spectrum. 
It was thanks to the work of Neveu, Schwarz and Ramond |3] that it was understood 
how to include fermions in the theory. Moreover, the work of Gliozzi, Scherk and 
Olive [5] was fundamental to understand how to obtain supersymmetric spectra, 
projecting away also the tachyon. Another peculiarity of String Theory is that 
quantum consistency requires additional spatial dimensions. The dimensionality of 
space-time is D = 26 for the bosonic String and D = 10 for the Superstring. This 
feature of String Theory of course is very appealing and elegant from a conceptual 
point of view (it connects to the original work of Kaluza and Klein that unified the 
description of a graviton, a photon and a massless scalar field in D = 4 starting from 
a theory of pure gravity in D = 5), but provides that the additional dimensions be 
compactihed on some internal manifold, to recover the 3 + 1 dimensions to which 
we are used. On the one hand, choosing different internal manifolds one can obtain 
different four dimensional low-energy effective field theories. Moreover, one has the 
possibility of choosing some of the internal radii large enough, and this is important 
for trying to solve the hierarchy problem. By suitable compactifications it is also 
possible to break supersymmetry. All these possibilities are surely key ingredients 
that compactifications offer to String Theory, but on the other hand the presence of 
the additional dimensions is a major problem for the predictivity of the parameters 
of the four-dimensional world. We will come back on this issue in the following. 



M-theory scenario and dualities 

Today we know that there are five different supersymmetric ten-dimensional String 
Models. They are Type IIA, Type IIB, Type I 50(32), heterotic 50(32) (or HO) 
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and heterotic Eg x Eg (or HE). A lot of effort was devoted during the last decade in 
the attempt to unify them. It was finally understood that all these models can be 
regarded as different limits of a unique theory at 11 dimensions, commonly called 
M-theory Moreover, all these theories are related to one another by some trans¬ 
formations known as dualities. Surely a string has an infinite number of vibrational 
modes corresponding to particles of higher and higher masses. Such masses are 
naturally of the order of the Planck scale, but one can consider only the massless 
sector. In other words, one can think to make an expansion in powers of the string 
length t s = '/a', recovering the point-particle low-energy effective field theory in 
the i s —► 0 limit. At this level what we find are some supersymmetric generaliza¬ 
tions of General Relativity known as supergravity theories. In ten dimensions exist 
three different supersymmetric extensions of gravity: the Type IIA supergravity, 
that has supersymmetry M = (1,1), the Type IIB supergravity, with M = (2,0) 
and the Type I supergravity, with supersymmetry M = (1, 0), but all of them have 
a common sector consisting in a graviton G^, a dilaton <f> and an antisymmetric 
two-tensor,a 2-form, B^ w . The dynamics of such universal sector is governed by the 
effective action 

s eff = ^r j d 10 xV^iGe- 2 ^R + Ad^d^-^H 2 ^ , (6) 

where R is the curvature scalar, k 2 0 is related to the ten-dimensional Newton con¬ 
stant, and H^ up is the field strength of the 2-form. 

The dilaton plays in String Theory a crucial role, since it weighs the perturbative 
expansion. Moreover, its vacuum expectation value (</>), is a first example of a 
modulus a free dynamical parameter from which the theory depends. We want to 
stress that there is no potential to give a vacuum value to the dilaton, and thus its 
expectation value remains undetermined. Hence in ten dimensions one has actually 
a one-parameter family of vacua labelled by the arbitrary expectation value of the 
dilaton. Notice that the coupling constant kf 0 in the effective action © is not really 
a free parameter of the theory. In fact, introducing the string coupling constant 
g s = e™, one can see that a change of kf 0 can be reabsorbed by a shift to the 
vacuum expectation value of the dilaton. 

After this digression on the role of dilaton, we can come back to the dualities. The 
Type IIA and IIB superstring theories contain only oriented closed strings and have 
as low-energy effective field theories respectively the ten-dimensional supergravities 
of types IIA and IIB. On the other hand, the Type I superstring has unoriented 
closed and open strings, and thus we expect that it describe at same time gravity 
and gauge interactions. And in fact its low-energy behavior is governed by the Type I 
supergravity together with the supersymmetric generalization of a Yang-Mills theory 
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with gauge group 50(32). The Heterotic String is a theory of closed strings. Now a 
closed string has left and right moving inodes and they are independent, and so one 
can consider the right modes of the usual superstring in ten-dimensions together 
with the left modes of the bosonic string compactified from D = 26 to D = 10. 
Notice that the compactification introduces in a natural way the internal degrees of 
freedom of a gauge theory without the need to introduce open strings. The resulting 
theories are supersymmetric and free from tachyons. Moreover, string consistency 
conditions fix the choice of the internal lattice to only two possibilities: the first 
one corresponds to the roots of the lattice of Eg x Eg, while the second one to the 
roots of 50(32). Hence, in the low-energy limit, the two heterotic strings give the 
usual Type I supergravity coupled to a Super Yang-Mills theory with gauge group 
Eg x Eg or 50(32). There exist also other non supersymmetric ten-dimensional 
heterotic models corresponding to different projection of the spectrum. Perhaps the 
most interesting, not supersymmetric but free from tachyons, is the 50(16) x 50(16) 
model. 

At the end of the seventies, Cremmer, Julia and Scherk found the unique super¬ 
gravity theory in eleven dimensions. Its bosonic spectrum contains the metric and 
a 3-form Ag whose dynamics is given by the action 

5 n = 2^r/ d u xV^tG (r - ^ Fijkl F ijkl ^ - ^ j A :i A F 4 A F 4 , (7) 

where k\ i is related to the eleven dimensional Newton constant, and F 4 = 6 dAg is 
the field strength of the 3-form. Notice that, in net contrast with the ten-dimensional 
super gravities, here the spectrum does not contain any 2-form. 

However compactifying the eleventh dimension on a circle one recovers the ten¬ 
dimensional Type IIA supergravity. And this is not all. If one compactifies the 
eleven-dimensional supergravity on a segment S 1 /Z 2 , one recovers the low-energy 
theory of the heterotic Eg x Eg string [?. At this point it is quite natural to 
think that, just like all ten-dimensional supergravities are low-energy limits of the 
corresponding superstring theories, so even the eleven-dimensional supergravity can 
be regarded as the low-energy limit of a more fundamental theory, that is commonly 
called M-theory B|. What is M-theory up to date is not known. In particular, we 
do not know what are its fundamental degrees of freedom. Surely what we can say 
is that it is not a theory of strings. In fact, as we already said, all ten-dimensional 
supergravity theories contain in their spectrum a 2-form. Now a two-form has just 
the right tensorial structure to describe the potential for a one-dimensional object 
(a string), just like in the usual case the potential for a point charge is a vector. 
Therefore the presence of the 2-form in the spectrum is a clear signal that the 
dynamics is described by strings, while its absence in the spectrum of the eleven- 
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Figure 1: Dualities between different ten-dimensional String Theories. 

dimensional supergravity reveals that M-theory is not related to strings. 

Up to now we discussed how to recover the Type IIA and the Heterotic E% x Eg 
models from the mysterious M-theory. But the surprises are not finished. In fact, 
the other ten-dimensional models are also related to one another through some 
transformations known as dualities. In general a duality is an invertible map that 
connects the states of a theory to the ones of another theory (or of the same theory) 
preserving interactions and symmetries. The importance and utility of a duality 
can be appreciated already in Quantum Field Theory, where generally one makes 
the perturbative expansion in powers of h. The point is that not all quantities can 
be described in terms of a perturbative series, and a duality can help because it 
allows to see the same phenomenon in another description. A case of particular 
interest is provided by a duality that maps the perturbative region of a theory into 
the non-perturbative region of the same theory. This is the case of the 5-duality [Ej 
in String Theory. Such duality inverts the string coupling constant 

S : g s <—» — , (8) 

9s 

and, as can be seen from the figured maps the 50(32) Heterotic String to the Type 
I 50(32) String. More precisely, 5-duality identifies the weak coupling limit of 
one theory with the strong limit of the other. Moreover, the Type IIB model is self¬ 
dual. The weak-strong coupling 5-duality is manifest in the low-energy effective field 
theories, but really the duality, being non-perturbative, remains only a conjecture, 
as the strong coupling limit of String Theory is not fully under control. However, 
up to date, all non perturbative tests revealed no discrepancy with the conjecture 
of duality. 

A crucial step in the understanding of the 5-duality is the existence in the spectra 
of the various string models of extended objects with p spatial dimensions, whose 
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presence is fundamental for the right counting and the matching of the degrees of 
freedom after a non perturbative duality is performed. These objects corresponds 
to solitonic configurations with tension proportional to the inverse of the string 
coupling constant (in net contrast with the usual case in Field Theory where the 
tension is proportional to the squared inverse of the coupling), and are mapped by an 
5-duality in the usual perturbative string states. They are known as p-branes and if 
originally they appeared as classical supergravity solutions, then it was realized that 
some of these objects, known as Dp-branes (H,, can be thought as topological defects 
where open strings terminate, with Dirichlet boundary conditions in the directions 
orthogonal to them and Neumann ones in the parallel directions. A D-brane is 
characterized by its tension and by a charge that is defined by the coupling of the 
brane to a corresponding tensor potential. Together with D-branes, one can also 
define antibranes, D-branes, that are characterized by the same tension but by a 
reversed charge. 

Another important duality, that in contrast with the previous one is perturba¬ 
tive, is the T-duality between the Type IIA and Type IIB theories or between the 
Heterotic Eg x Eg and 50(32) theories. In particular, a T-duality identifies one 
theory compactified on a circle of radius R with the other theory compactified on a 
circle of radius 1/R. A peculiar feature of T-duality is that it interchanges Neumann 
and Dirichlet boundary conditions HDjnnini, and thus it changes the dimension¬ 
ality of a D-brane. And indeed the content of Dp-branes of Type IIA and Type IIB 
models are just the right one to respect the T-duality relating them (Dp-branes with 
p odd for Type IIB and p even for Type IIA). 

The last link we need to unify all the five ten-dimensional superstring models is 
the orientifold projection D m that connects the Type IIB String with the Type I 
String, n exchanges the left and right modes of a closed string, and the Type I String 
is obtained identifying the left and right modes of Type IIB. The fixed points of such 
projection correspond to some extended non dynamical space-time objects known as 
the orientifold-planes or briefly O-planes. In contrast with a D-brane, whose tension 
is always positive, an O-plane can also have a negative tension. Moreover, like a 
D-brane, an O-plane carries a charge with respect to some tensor potential. 

Now the hexagon of dualities is closed (see figur(JTJ) and what we learn is that 
in spite of their apparent differences, all the ten-dimensional superstring theories 
can be thought of really as different limits in a certain parameter space of a unique 
underlying theory that is identified with the M-theory. Notice that in this appealing 
picture the fact that the eleven-dimensional supergravity is unique is very compelling 
from the unification point of view. 

A crucial matter that we have to stress before closing this discussion is the con- 
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sistency of all these ten-dimensional Superstring Theories, and in particular the 
absence of anomalies in their spectra. Anomalies arise already in Field Theory, and 
are quantum violations of classical symmetries. The violation of a global symmetry 
is not dangerous and often can be useful from a phenomenological point of view. 
For example, in the theory of the strong interaction with massless quarks, the quan¬ 
tum violation of the classical scale invariance is a mechanism that gives mass to the 
hadrons. On the other hand a violation of a local symmetry, like the gauge sym¬ 
metry in a Yang-Mills theory or the invariance under diffeomorphisms in General 
Relativity, is a real problem since the unphysical longitudinal degrees of freedom no 
longer decouple, and as a consequence the theory loses its unitarity. Therefore, the 
cancellation of all (gauge, gravitational, mixed)-anomalies is a fundamental prop¬ 
erty to verify in String Theory. The first type of cancellation of anomalies in String 
Theory is achieved imposing the tadpole condition in the Ramond-Ramond (R-R) 
sector. We will come back to the issue of tadpoles in the following, but for the 
moment what we really need to know is that such condition from the space-time 
point of view corresponds to imposing that the Faraday-lines emitted by the branes 
present in the model be absorbed by the O-planes, or in other words that the com- 
pactified space-time be globally neutral. Such a condition fix also the gauge group 
for the Type I models. The other anomalies arising in String Theory from the 
so called non-planar diagrams are cancelled thanks to a mechanism due to Green 
and Schwarz E! The anomaly of the one-loop hexagon-diagram, the analog of 
the triangle-diagram in four dimensions that one meets in gauge theory, is exactly 
cancelled by a tree-level diagram in which the 2-form propagates. This mechanism 
works in all the ten-dimensional theories we saw 1 (the Type IIA is not anomalous 
because is not chiral). The mechanism of Green and Schwarz can be generalized 
to the case of several 2-forms m and is at the heart of the consistency of string 
models. 


Compactifications and supersymmetry breaking 

Up to now we presented some arguments why String Theory should be consider a 
good candidate for quantum gravity. Moreover, we saw that all the consistent su¬ 
persymmetric ten-dimensional models are really dual one to the other and that all 
of them can be linked to a unique eleven-dimensional theory. Finally, String The¬ 
ory describes together gravity and gauge interactions, giving a concrete setting for 
unifying in a consistent fashion all the forces of the Standard Model with Quantum 
Gravity. The following step we need to recover our four dimensional world is a closer 


1 Really also the heterotic SO( 16) x £0(16) model we cited is anomaly-free. 
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look at the compactification of the six additional dimensions on an internal mani¬ 
fold. A single string state gives an infinite tower of massive excitations with masses 
that are related to the inverse of the internal dimensions, but from the low-energy 
point of view one can effectively think that all the massive recurrences disentangle 
if the typical size of the internal volume is small enough. The other key ingredi¬ 
ent in order to get a realistic four-dimensional physics is supersymmetry breaking, 
that really can be also related to the issue of compactification. We will therefore 
review these two arguments together, showing also how the presence of D-branes 
can provide some new natural settings to break supersymmetry. 

The simplest way to realize compactifications in String Theory is to choose as 
internal manifold a torus. This follows the lines traced by Kaluza and Klein, but a 
closed string offers more possibilities with respect to a point particle, since a string 
can also wrap around a compact dimension. Another interesting setting is provided 
by orbifold m compactifications, obtained identifying points of a certain internal 
manifold under the action of a discrete group defined on it. Such identifications in 
general leave a number of fixed points where the Field Theory would be singular 
but String Theory is well defined on it. A further interesting and elegant setting 
for compactification is furnished by Calabi-Yau spaces, that in contrast with the 
orbifold compactifications are smooth manifolds and in suitable limits reduce to 
orbifolds that are exactly solvable in String Theory. A Calabi-Yau ra-fold is a complex 
manifold on which a Ricci-flat Kahler metric can be defined. As a consequence a non 
trivial SU ( n ) holonomy group emerges that in turn is responsible for supersymmetry 
breaking on such spaces. For instance, a six-dimensional Calabi-Yau with holonomy 
group SU( 3) preserves only J\f = 1 supersymmetry. Different SU{ 3) Calabi-Yau 
manifolds can be recovered blowing up in different ways the fixed points of the 
orbifold T 6 /Z 3 . Another interesting example of a Calabi-Yau manifold is provided 
by the space K3 m, with holonomy SU(2), that gives a four-dimensional J\T = 2 
supersymmetry and in a suitable limit reduces to the orbifold T 4 /Z 2 . 

Supersymmetry breaking can be obtained in standard toroidal or orbifold com¬ 
pactifications. The important thing to notice is that in the first case supersymmetry 
is broken at a scale fixed by the radius of the internal manifold. In fact, one can 
generalize the Scherk-Schwarz nunm mechanism to String Theory, for instance giv¬ 
ing periodic boundary condition on a circle to bosons and antiperiodic conditions to 
fermions. In this way the masses of the Kaluza-Klein excitations are proportional 
to n/R for bosons and (n + 1/2 )/R for fermions, and thus the gauginos or graviti- 
nos are lifted in mass and supersymmetry is broken at the scale 1/R. This way to 
break supersymmetry is like a spontaneous breaking and in the limit of decompact- 
ification one recovers all the original supersymmetry. This fact is in net contrast 
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with the case of breaking through orbifold compactification, where the breaking is 
obtained projecting away some states, and after the orbifolding no trace of the orig¬ 
inal supersymmetry remains. On the other hand, it would be interesting to break 
supersymmetry at a scale which is independent from R, for example at the string 
scale, that in some recent models requiring large extra-dimensions, can even be of 
the order of TeV. 

A new interesting phenomenon happens when one breaks supersymmetry by 
toroidal compactification in the presence of D-branes mm- So let us consider the 
case of some branes parallel to the direction of breaking. This case is called usually 
“Scherk-Schwarz breaking”, and supersymmetry is broken both in the bulk (closed 
sector) and on the branes (open sector). The spectrum is a deformation of a su¬ 
persymmetric one that can be recovered in the decompactification limit. Something 
new happens if the direction of breaking is orthogonal to the branes (really we are 
thinking in a T-dual picture). In this case, at least at the massless level, super- 
symmetry is preserved at tree-level on the branes. This phenomenon is commonly 
called “brane supersymmetry”, and indeed at tree level the gaugino does not take 
any mass. Really supersymmetry breaking on the branes is mediated by radiative 
corrections due to the gravitational interactions, and so also the gaugino eventually 
gets a mass that with respect to the one of gravitino is suppressed by the Planck 
mass, being a quantum effect. This phenomenon however has not been fully studied 
to date. In contrast with the previous case one can break supersymmetry on the 
branes, and there are essentially two ways to do that. The first one is provided by 
models that require configurations with the simultaneous presence of branes and an- 
tibranes of different types m- In this case the closed sector is supersymmetric, but 
is generally different from the standard supersymmetric one, while supersymmetry 
is broken at the string scale on the open sector, as branes and antibranes preserve 
different halves of the original supersymmetry. This kind of configurations, however 
is classically stable and free of tachyons. The second one is obtained deforming a 
supersymmetric open spectrum with a system of separated brane-antibrane pairs of 
the same type. Such a configuration is unstable due the attractive force between 
branes and antibranes and a tachyon develops if their distance if small. The last 
known way to break supersymmetry in String Theory is with intersecting D-branes 
[22j, that in a T-dual picture corresponds to turning on constant magnetic fields on 
the internal manifold m- A very appealing feature of this kind of breaking is that 
chiral fermions in different generations can live at the intersections of the branes. 

Directly related to the issue of dimensional reduction and supersymmetry break¬ 
ing are two of the greatest problems of String Theory. A common problem one has 
to face in String Theory when one performs a reduction from the ten-dimensional 
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world to the four-dimensional one is the emergence of quantities that remain arbi¬ 
trary. These are the moduli, an example of which we already met in the vacuum 
expectation value of the dilaton. At the beginning of this Introduction we mentioned 
the problem of the large number of free parameters present in the Standard Model. 
Of course it would be great to get some predictions on them from String Theory, 
but this is not what happens. The four-dimensional low-energy parameters after the 
reduction from ten-dimensions depend on some moduli, like for example the size and 
shape of the extra dimensions, and their predictivity is related to the predictivity 
of such moduli. Now in gravity there is no global minimum principle to select a 
certain configuration energetically more stable than another one, and so really the 
moduli remain arbitrary. This problem is known as the moduli problem, and up 
to date represents the greatest obstacle for the predictivity of the Standard Model 
parameters from String Theory. Therefore, in spite of a unique (thanks to dualities) 
ten-dimensional theory, in four dimensions we have typically a continuum of vacua 
labelled by the expectation values of such moduli. Really the moduli problem is 
always associated to supersymmetric configurations. And in fact supersymmetry 
if on the one hand stabilizes the space-time geometry, on the other hand makes 
the moduli arbitrary in perturbation theory (this is not true non perturbatively for 
J\f = 1). Of course, one has to break supersymmetry at a certain scale to recover the 
observed physics, but in that case the arising quantum fluctuations are not under 
control, and moreover some infrared divergences due to the propagation of massless 
states going into the vacuum can affect the string computations. These divergences 
typically arise when one breaks supersymmetry, and are related to the presence 
of uncancelled Neveu-Schwarz Neveu-Schwarz (NS-NS) tadpoles. Physically, their 
emergence means that the Minkowski background around which one quantizes the 
theory after supersymmetry breaking is no more a real vacuum, and has to be cor¬ 
rected in order to define reliable quantities. This is the problem of the vacuum 
redefinition in String Theory with broken supersymmetry and we will deal at length 
with this issue in the following, since it is the main theme of this Thesis. For the 
moment, let us return to the moduli problem. 

An important attempt to stabilize the moduli is provided by compactifications 
with non trivial internal fluxes m- After supersymmetry breaking a modulus takes 
some vacuum expectation value but in general, for the technical reasons we already 
stressed, it is not possible to compute it. In contrast with this fact, if one turns on 
some background potentials on the internal manifold, a low-energy effective potential 
arises and many of the moduli are frozen. The nice thing to underline in the presence 
of fluxes is the possibility to compute the effective potential. Really what one can 
do for general Calabi-Yau compactifications is to build an approximate expansion 
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of the potential around its extrema, but there are also simple orbifold compactifica- 
tions in which the potential for some moduli is known globally. Moreover, playing 
with the internal fluxes, one can also stabilize most of the moduli without breaking 
supersymmetry. 


Brane-worlds 

A very interesting scenario that has been developed in the last years is provided 
by the so called brane-worlds mm- As we already said, the tension of a brane 
scales as the inverse of the string coupling constant, and so it seems to be like a rigid 
wall at low energy, but of course its dynamics can be described by the open strings 
terminating on it. In fact, the low-energy open string fluctuations orthogonal to the 
branes correspond to the oscillations of the brane from its equilibrium position and 
from the brane point of view such modes are effectively seen as scalar fields arising 
as Goldstone bosons of the translational symmetry of the vacuum broken by the 
presence of the brane. In the same way, the fermions living on the branes can be seen 
as goldstinos arising after the breaking of supersymmetry introduced by the presence 
of the brane. On the other hand, the parallel fluctuations of a string terminating on 
the brane describe at low energy a U( 1) gauge boson. A supersymmetric Dp-brane is 
really a BPS state, meaning that it preserves only half of the total supersymmetry of 
Type II vacua, and that its tension and charge are equal. This implies that between 
two parallel branes the gravitational attraction is compensated by the Coulomb 
repulsion and no net force remains. So one has the possibility to superpose some 
branes, let say N, with the consequence of enhancing the gauge symmetry to U(N) 
due to the fact that now an open string has N x N ways to start and end on the 
N D-branes. In other words a stack of N coincident D-branes gives the possibility 
to realize non abelian interactions for the open strings, while their displacement can 
be seen as a sort of spontaneous symmetry breaking preserving the total rank. A 
nice thing to notice is that while the low-energy dynamics of the gauge filed living 
on the branes is the usual one described by Yang-Mills theory, the higher energy 
string corrections remove the usual divergence at r —» 0 of the Coulomb interaction 
between point charges. And in fact the low-energy effective action for the open 
string modes, at least in the abelian case, is given by the Born-Infeld action ESI. 
For example, in the case of a static electric field, the usual power law of the Coulomb 
interaction 1/r 2 is replaced by 1/ \Zr A + (2ira') 2 and so we see that the string once 
more time regulates the short-distance divergence. 

At this point we saw that stacks of D-branes describe non abelian gauge groups 
and that the displacement of D-branes is responsible for gauge symmetry breaking. 
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But with branes one can obtain more. And in fact, as already stressed, the intersec¬ 
tion of D-branes can lead to chiral fermions coming from the open strings stretched 
between them (really, considering the low lying modes, these chiral fermions live in 
the intersection volume of the branes). The interesting possibility provided by this 
setting is that chiral fermions are obtained in a number of replicas giving a realistic 
set up in which one can try to reproduce the matter fields (and the gauge group) of 
the Standard Model EH! a simple example to understand the origin of the matter 
replication is given by a configuration with two stacks of D6-branes that intersect 
in a four-dimensional volume. Now we have to think the other dimensions of the 
branes as wrapped around some 3-cycles of an internal compact six-dimensional 
space. Two such 3-cycles can intersect several times in the internal manifold, thus 
leading to replicas of the chiral matter living at the four-dimensional intersection. 

One of the most important issues related to the brane-world scenario is the 
geometrical explanation that one can give in this context to the hierarchy between 
the electro-weak scale of the Standard Model and the Planck scale mmm in 
other words, brane-worlds can provide a simple argument to explain the weakness 
of gravity with respect to the other forces. And in fact, while the forces mediating 
gauge interactions are constrained to the branes, gravity spreads on the whole space- 
time so that only a part of its Faraday lines are effectively felt by the brane-world. A 
simple way to see how this argument works is to consider that the four-dimensional 
Newton force, in the case of n additional transverse compact dimensions of radius 
R , at short distances is 

_I_ — ( 9 ) 

(M« n ) 2+n r 2+n ’ 

where MH n is the Planck mass in 4 + n dimensions. On the other hand for distances 
greater then the scale of compactification one should observe the usual power law 
of the Newton force 

1 1 

f 7 2 ’ 

where M = 10 19 GeV is the four-dimensional Planck mass. Continuity at r = R 
gives 

Mf = (M 4 +n) 2+n R n , (11) 

so that one can fix the String scale M s . or the 4 + n-dimensional Planck scale, at the 
TeV scale, M s = M [j n TeV, and obtain the usual value of the four-dimensional 
Planck scale provided the size of the transverse dimensions is given by 

R~ 10 32 / n 10” 17 cm . (12) 

For example, the case of only one transverse extra-dimension is excluded, since it 
would give R 10 lo Km, but = 2 is interesting because it gives already R ~ 
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mm m- The case with n > 2 would give dimensions that should be too small, 
completely inaccessible for Newton low-energy measurements (the case n = 6 for 
example corresponds to R ~ fm). Up to date the limit on the size of the transverse 
dimensions is at the sub-millimeter scale ~ 200/im, at which no deviations from 
the power law of Newton force has been discovered. On the other hand, surely 
there can be some extra dimensions parallel to the branes and these ones have to 
be microscopic, at least of the order of 10“ 16 cm in order to not have other physics 
in the well explored region of the Standard Model. Therefore, if on the one hand 
it seems that the brane-world scenario could solve the hierarchy problem, giving 
the possibility of choosing a string scale of the order of the electro-weak scale, on 
the other hand a geometrical hierarchy emerges between the macroscopic transverse 
directions and the microscopic parallel ones. 


Tadpoles in String Theory 

As we already stressed, when one breaks supersymmetry in String Theory some 
bosonic one-point functions going into the vacuum usually emerge. These functions 
are commonly called tadpoles and are associated to the NS-NS sector, to distinguish 
them from tadpoles in the R-R sector. In the presence of open strings, the latter 
identify from the space-time point of view a configuration of D-branes and O-planes 
with a non-vanishing total charge. Such tadpoles typically signal an inconsistency 
of the theory, the presence of quantum anomalies, and therefore R-R tadpoles in all 
cases where the charge cannot escape should be cancelled. On the other hand NS-NS 
tadpoles correspond from the space-time point of view to configurations of branes 
with a non-vanishing tension that gives rise to a net gravitational attraction between 
them. Hence, a redefinition of the background is necessary. Let us try ti be more 
concrete. Up to now one is able to do string computations essentially only around the 
flat Minkowski background, a case that is allowed and protected by supersymmetry. 
Supersymmetry breaking then destabilizes the space-time, producing a potential for 
the dilaton 

U 0 ~ T J d 10 xV-detG e-+ (13) 

that in turn acts as a source in the equation of motion of the graviton. Thus 
the flat Minkowski background is no more a solution, and a vacuum redefinition is 
necessary. And in fact the emergence of NS-NS tadpoles is always accompanied by 
the emergence of infrared divergences in string amplitudes due to the propagation of 
NS-NS massless states that are absorbed by tadpoles at vanishing momentum. The 
tadpole problem was faced for the first time in the eighties by Fishier and Susskind 
m for the bosonic closed string where a non-vanishing dilaton tadpole emerges at 
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one-loop. In particular, they showed that the one-loop conformal anomaly from the 
small handle divergences in the bosonic closed string can be cancelled by a shift of 
the background. 

The dilaton tadpole problem is today one of the most important issues to un¬ 
derstand in order to have a clearer understanding of supersymmetry breaking in 
String Theory. On the other hand, this last step is fundamental if one wants to 
construct realistic low-energy scenarios to compare with Standard Model. Up to 
date it has proved impossible to carry out background redefinitions a la Fischler 
and Susskind in a systematic way. In this context, our proposal is to insist on quan¬ 
tizing the string in a Minkowski background, correcting the quantities so obtained 
with suitable counterterms that reabsorb the infrared divergences and lead these 
quantities to their proper values. This way to proceed of course seems unnatural 
if one thinks about the usual saddle-point perturbative expansion in field Theory. 
And in fact this means that we are building the perturbation theory not around a 
saddle-point, sice the Minkowski background is no more the real vacuum. Never¬ 
theless we think that this approach can be a possible way to face the problem in 
String Theory where one is basically able to perform string computations only in 
a Minkowski background. What should happen is that quantities computed in a 
“wrong” vacuum recover their right values after suitable tadpole resummations are 
performed while the corresponding infrared divergences are at the same time can¬ 
celled. The typical problems one has to overcome when one faces the problem with 
our approach is that in most of the models that realize supersymmetry breaking in 
String Theory, tadpoles arise already at the disk level. Hence, even in a perturbative 
region of small string coupling constant, the first tadpole correction can be large. 
Therefore the power series expansion in tadpoles becomes out of control already at 
the first orders, and any perturbative treatment typically looses its meaning. On 
the other hand, the higher order corrections due to tadpoles correspond to Riemann 
surfaces of increasing genus, and the computation becomes more and more involved, 
and essentially impossible to perform beyond genus 3/2. 

At this point, and with the previous premise we seem to have only two possi¬ 
ble ways to follow in String Theory. The first is to search for quantities that are 
protected against tadpole corrections. An example of such quantities is provided by 
the one-loop threshold corrections (string corrections to gauge couplings) for mod¬ 
els with parallel branes, but in general for all model with supersymmetry breaking 
without a closed tachyon propagating in the bulk. As we will see, one-loop threshold 
corrections are ultraviolet (infrared in the transverse tree-level closed channel) finite 
in spite of the presence of NS-NS tadpoles. 

The second issue to investigate is the possibility of models with perturbative 
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tadpoles. Turning on suitable fluxes it is possible to have “small” tadpoles. In this 
case, in addition to the usual expansion in powers of the string coupling, one can 
consider also another perturbative expansion in tadpole insertions. In these kinds 
of models we do not need the resummation, but the first few tadpole corrections 
should be sufficient to recover a reliable result in a perturbative sense. 

This Thesis is organized in the following way. The first chapter is devoted 
to basic issues in String Theory, with particular attention to the orientifold con¬ 
struction. Simple examples of toroidal and orbifold compactifications together with 
their orientifolds are discussed. In the second chapter we review some models in 
which supersymmetry breaking is realized: Type 0 models, compactifications with 
Scherk-Schwarz deformations, the orbifold T 4 /Z 2 with brane supersymmetry break¬ 
ing, models with internal magnetic fields. In the third chapter we discuss how one 
can carry out our program in a number of field Theory toy models. In particular 
we try to recover the right answer at the classical level starting from a “wrong” vac¬ 
uum. The cases of cubic and quartic potentials are simple, but also very interesting, 
and provide us some general features related to tadpole resummations and conver¬ 
gence domains around inflection points of the potential, where the tadpole expansion 
breaks down. Moreover, some explicit tadpole resummation are explicitly performed 
in a string inspired model with tadpoles localized on D-branes or O-planes. The in¬ 
clusion of gravity should give further complications, but really resununation works 
without any particular attention also in this case. In the last chapter we begin to 
face the problem at the string theory level. In particular, we analyze an example of 
string model where the vacuum redefinition can be understood explicitly not only 
at the level of the low-energy effective field theory, but even at the full string the¬ 
ory level and where the vacuum of a Type II orientifold with a compact dimension 
and local tadpoles is given by a Type-0 orientifold with no compact dimensions. 
These results are contained in a paper to appear in Nuclear Physics B j3lj . Then 
we pass to compute threshold corrections in a number of examples with supersym¬ 
metry breaking, including models with brane supersymmetry breaking, models with 
brane-antibrane pairs and the Type 0'B string, finding that the one-loop results 
are ultraviolet finite and insensitive to the tadpoles. Such computations, that we 
performed independently, will be contained in a future work 1321 ■ 
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Superstring theory 

1.1 Classical action and light-cone quantization 

1.1.1 The action 

Let us take as our starting point the action for a free point particle of mass m 
moving in a D dimensional space-time of metric G ^ v l . This action is well known to 
be proportional to the length of the particle’s world-line 

S = -m j Xi'X- dt , (1.1) 

and extremizing it with respect to the coordinates X 11 gives the geodesic equation. 
This action has two drawbacks: it contains a square root and is valid only for massive 
particles. One can solve these problems introducing a Lagrange multiplier, a 1-bein 
e(t) for the world-line, that has no dynamics, and whose equation of motion is a 
constraint. The new action, classically equivalent to EH) , is 

S = \ J dt e (e- 2 - m 2 ) , (1.2) 

and the mass-shell condition is provided by the constraint. 

We now pass to describe the dynamics of an extended object, a string whose 
coordinates are X^(a, r), where 0 < cr < it runs over the length of the string and t 
is the proper time of the string that in its motion sweeps a world sheet. Hence, the 
coordinates of the string map a two-dimensional variety with metric h a p(cr,T) into 
a -D-dimensional target space with metric G )IV (X). In the following, we will use 
for r and £ 1 for a. 

In analogy with the point particle case, we should write an action proportional 
to the surface of the world-sheet swept by the string (Nambu-Goto 1970) but, in 


x We use the convention of a mostly positive definite metric. 
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order to have an action quadratic in the coordinates, that from a two-dimensional 
point of view are fields with an internal symmetry index, we introduce a Lagrangian 
multiplier, the metric of the world-sheet, and we write the classically equivalent 
action mi 

r r 

S = -~ dadr sTAi h afi d a X i ‘d (i X v , (1.3) 

where T = 1/27tc/ is the tension of the string and a' = 1 2 is the squared string 
length. The signature of the world sheet metric is (—, +). Note that in a we are 
just considering a flat target metric, but one can generalize the construction to a 
curved target space-time replacing r ] fiu with G 

The action (E2> is invariant under two-dimensional general coordinate trans¬ 
formation (the coordinates X^(£) behave like two-dimensional scalars). Using such 
transformations it is always possible, at least locally, to fix the metric to the form 
h a p = e^riap, where r) a p is the flat world sheet metric. This choice of gauge is known 
as the conformal gauge. In two dimensions the conformal factor e^ then disappears 
from the classical action, that in the conformal gauge reads 

S = ~ J dadr r) a/3 d a X ll d g X l/ rj IJ/U , (1.4) 

but not from the functional measure of the path integral, unless the dimension of 
the target space is fixed to the critical one, D = 26 for the bosonic string 2 . The 
action is also invariant under Weyl rescaling 

hapit) - h’ a/3 (0 = h aff (0 

= ***(£). (1.5) 

Gauge fixing leaves still a residual infinite gauge symmetry that, after a Wick ro¬ 
tation, is parameterized by analytic and anti-analytic transformations. This is the 
conformal invariance of the two-dimensional theory HUES]. In the light-cone quan¬ 
tization, we will use such a residual symmetry to eliminate the non physical longi¬ 
tudinal degrees of freedom. 

The equation of motion for X /J '(£) in the conformal gauge is simply the wave 
equation 

{d 2 T -dl)X^T,a) = 0 , ( 1 . 6 ) 

while the equation for h a p(£) is a constraint corresponding to the vanishing of the 
energy-momentum tensor 

T a g = daXl’fJgX, - 1 h a g (h? 5 d^dsXj = 0 . (1.7) 


2 D = 26 can be recovered also by imposing that the squared BRST charge vanish). 
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As a consequence of Weyl invariance, T a p is traceless. 

We can now generalize the bosonic action OD to the supersymmetric case. 
To this end, let us introduce some fermionic coordinates This D-plet is a 

vector from the point of view of the target Lorentz group and its components are 
Majorana spinors. One can generalize ca simply adding to the kinetic term of D 
two-dimensional free bosons the kinetic term of D two-dimensional free fermions, 


S = J dcrdr r] a0 (d a X tl dpX v - i VladpV) ■ ( 1 - 8 ) 

The action D has a global supersymmetry that is the residual of a gauge fixing 
of the more general action E3EE1 


s 


J do dr V~h h a P 


d a X p dpX u - iip^^dpip 1 


-iXoTlolftV 




h ap 


r ltU' 1 


(1.9) 


where Xa is a Majorana gravitino. Note that neither the graviton nor the gravitino 
have a kinetic term. The reason is that the kinetic term for the metric in two 
dimensions is a topological invariant, so that it does not give dynamics, but is 
of crucial importance in the loop Polyakov expansion and we will come back to 
this point in the second section of this chapter. The kinetic term for gravitino is 
the Rarita-Schwinger action and contains a totally antisymmetric tensor with three 
indices, 7 a p$, but in two dimensions such a tensor vanishes. Our conventions for 
the two-dimensional 7 -matrices are: 7 0 = o 2 , 7 1 = io 1 , where o a are the Pauli 
matrices. With this representation of the Clifford algebra, the Majorana spinors 
are real. 

The action (USD has a local supersymmetry. Just as the local reparameterization 
invariance of the theory can be used to fix the conformal gauge for the metric, the 
local supersymmetry can be used to put the gravitino in the form Xa = 7 oA, with % 
a Majorana fermion. In this particular gauge, the gravitino term in USD becomes 
proportional to x ip^ = (D — 2) xi ^^> that is zero in two dimensions, 

and the action CHD reduces to the form HEED- The conformal factors for the metric 
and the held x disentangle from the functional measure of the path integral only in 
the critical dimension D = 10 m On the other hand, one can recover the critical 
dimension also imposing that Q\rst van ish. After gauge fixing, the theory is still 
invariant under a residual infinite symmetry, the superconformal symmetry mm- 

Like in the point particle case and in the bosonic string, in order to describe 
the dynamics of the superstring, the action Q has to be taken together with the 
constraints 


T a p = daX^dpXf, + (7 adp + 7 pda) VV 





22 


Superstring theory 


- \ V a p {dPX^dpXf, + ^ ipP'y -dipp) = 0 , ( 1 . 10 ) 

and 

J a = \ W r dpXp = 0 , ( 1 . 11 ) 

where J a is the supercurrent. 

The equation of motion for the bosons, in the conformal gauge, is simply the 
wave equation m- The surface term that comes from the variation of the action 
vanishes both for periodic boundary conditions XP(t,ct = 0) = X M (r, a = 7r), that 
correspond to a closed string, with the solution m 

XP = X P + 2 «yv + i e - 2 »(r-,) + ^ e - 2 »M'j 5 ( 1 . 12 ) 

and for Neumann 3 boundary conditions X'P = 0 at cr = 0,7r, that correspond to an 
open string, with the solution ;^l 

n 

X^ = + 2 a'p^r + iy/2a' ^ —- e _mr cos na . (1.13) 

The zero mode in the expansion describes the center of mass motion, while dn, an 
are oscillators corresponding to left and right moving modes. 

For the fermionic coordinates, the Dirac equation splits into 

(d T -d a )^ = 0, (d T + d a )^ = 0, (1.14) 

where V’i 2 > th e t wo components of ip 1 *, are Majorana-Weyl spinors. From their 
equations of motion we see that ipi depends only on r — a, so that we prefer to call 
it ip_, while ip 2 depends only on r + a, and we call it ip + . For a closed string, the 
surface term vanishes both for periodic (Ramond (R)) and for antiperiodic (Neveu- 
Schwarz (N-S)) boundary conditions separately for each component. In the first case 
(R), the decomposition is 

</>+ = E <e“ 2in(r+CT) 

n G Z 

= E < e- 2m(T - ff) , (1.15) 

n G Z 

while in the second one (N-S) 

ip+ = ~ b r e~ 2ir{ ~ T+ ^ 

r e z-4 

b r e~ 2ir(T - a) , (1.16) 

v E ^ 

3 For an open string there is also the possibility to impose Dirichlet boundary conditions, that 
means to fix the ends of the string on hyperplanes, his possibility will be discussed further in the 
section on toroidal compactifications. 
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where we used the convention 2a' = 1. Hence, for a closed string we have four 
sectors: R-R, R-NS, NS-R, NS-NS. Note the presence of zero mode in the R sectors. 
For the open strings, the boundary conditions are ip+ = V'- a t a = 0, ir in the 
Ramond sector, and at a = 0, at er = n in the Neveu-Schwarz 

sector, meaning that the left and right oscillators have to be identified. The mode 
expansions differ from those one for closed strings in the frequency of oscillators, 
that has to be halved, and in the overall factor, that now is -^= (for more details 
see 1351). 

It is very useful at this point to pass to the coordinates ^ = r ± a . In such a 

coordinate system, the metric becomes off-diagonal, r /_| = rj |_ = — \ , r]±± = 0 , 

and the energy momentum tensor decomposes in a holomorphic part T ++ depending 
only on and in an anti-holomorphic part T _depending only on 

T±± = d ± X»d ± X^ + l - i>±d ± i\,± . (1.17) 

The energy-momentum tensor is traceless, due to the conformal invariance, and 

therefore T .4 = T = 0 . The supercurrent also decomposes in a holomorphic and 

an anti-holomorphic part, according to 

J±(t) = V±d±X^ . (1.18) 

As a result the two-dimensional superconformal theory we are dealing with actually 
splits into two identical one-dimensional superconformal theories CUES- 

1.1.2 Light-cone quantization 

We now discuss the quantization of the string. Imposing the usual commutation 
relation, 

[X^(a,T),X u (a',T)} = -in6(a - a>)rT , 

{V’±(< 7 ,'r),V’±(o- / ,'r)} = Tr8(a - a')rf v , (1.19) 

for the holomorphic oscillators one gets (and identically is for the anti-holomorphic 
ones): 

[ Q mi a J = m 8 rn J rn Tl' 1 , 

{<,<£} = fU (R), 

WX} = rTSr+s ( NS ), ( 1 . 20 ) 

where r, s are half integers. After a suitable rescaling, the oscillators satisfy the usual 
bosonic and fermionic harmonic oscillator algebra, where the oscillators with nega¬ 
tive frequency correspond to creation operators. Note that because of the signature 
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of the target-space metric, the resulting spectrum apparently contains ghosts. The 
quantization has to be carried out implementing the constraints 

T++ = = J+ = J_ = 0 , (1.21) 


or equivalently in terms of their normal mode, 


L n — L n — 0 , F n — F n — 0 ( R ) , G r — G r — 0 (NS) , (1-22) 

where 

rp /*7T 

L n = - da T e~ 2ina 

2 J o 

F n = T [ da/_ R) e~ 2ina 

Jo 

G r = T [ daj[ NS) e~ 2ira , (1.23) 

Jo 

and similar expansions hold for the holomorphic part. Imposing these constraints 
a la Gupta-Bleuler, one can see that the negative norm states disappear from the 
spectrum (no ghost theorem). 

Actually, there is another way to quantize the theory that gives directly a spec¬ 
trum free of ghosts. We can use the superconformal symmetry to choice a particular 
gauge that does not change the form of the world sheet metric and of the gravitino, 
the light-cone gauge, in which the constraints are solved in terms of the transverse 
physical states. The disadvantage of this procedure is that the Lorentz covariance 
of the theory is not manifest. However, it can be seen that the Lorentz invariance 
holds if the dimension is the critical one D = 10 (D = 26 for the bosonic string), 
and if the vacuum energy is fixed to a particular value, as we shall see shortly. 

We define X ^ = (X° ± X 0 ^ 1 ) / y/2 and similarly for ip a, where A = +, —. Then 
we fix to zero the oscillators in the + direction 


A+ = x + + 2 a'p + r 

^ = 0 , 

and solve the constraints PH) for a n , b r , and d n 

D -2 


= 


a’ p + 
D—2 


E \ E 


_ 2=1 m G 


+ E 5 E <’ 


n. 


^ (r-'A-): b\_ r b\ : +a NS 5 n 

i=l " r g Z+l 


b r = 


a' p + 


D—2 

E E 

i=1 S e z+| 


(NS) , 


(1.24) 


(1.25) 
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where we are using the notation 2 «q = p± and 2 ag = \J‘2a' p l . The corre¬ 

sponding solution for the R sector is obtained with 6 * —> d\, k e Z and a NS —>■ a^. 

The constants and have the meaning of vacuum energy in the respective 
sectors and come from the normal ordering, after a suitable regularization. For 
example for a single bosonic oscillator the infinite quantity to regularize is \ ^2k=i 
We regularize it computing the limit for x —* 0 + of \ V fc=1 & e ~ kx and taking only 
the finite part. The last sum defines the Riemann ((x) function. Making the limit 
of the more general function 

OO 

U-l,x) = + (1.26) 

n=l 


that for x — > (R goes to £ a (— 1 , 0 + ) = — ^[ 6 a(a — 1 ) + 1 ] plus a divergent term, 
it is possible to fix also the zero point energy for a fermionic oscillator both in the 
R and NS sector EDI The result is that every boson contributes to the zero-point 
energy with a = — every periodic fermion with a = and every antiperiodic 
fermion with a = — Therefore, for the bosonic string, where D = 26, the shift 
of the vacuum energy is a = —1, as we have 24 physical bosonic degree of freedom. 
On the other hand, for the superstring, where we have 8 physical bosonic oscillators 
and 8 physical fermionic oscillators, the shift due to the normal ordering is a R = 0 
and a NS = The important thing to notice here is that this regularization is 
compatible with the closure of the Lorentz algebra in the light-cone gauge in the 
critical dimension. 

The transverse Virasoro operators defined through the relation 


D -2 


/ 


L n = E | E : 

i =1 


2 

Y me 


m a m : + 2 E ( r — " 2 ) : Ki-rK : I ,(NS) (1.27) 

r e z+i j 

and their analogs in the Ramond sector satisfy the transverse Virasoro algebra 


[-^m ’ \ (V^ ^m+n A{jTl)5m-\-n i (l‘^8) 

where the central term is A(m) = — 2 ) m(m 2 — 1) in the NS sector and A(m) = 

\{D — 2) m 3 in the R sector. The number |(T> — 2) is equal to yry c tot where 
ctot. = {D — 2)(1 + !) is the total central charge of the left (or right) theory 4 . 
The Fourier modes of the supercurrent together with the Virasoro operators build 
together the super conformal (super-Virasoro) algebra mmm- 

The relation for a q is of particular importance, because it gives the mass-shell 
condition. Recalling that 2«g = \/2a' p~ and 2a l 0 = \j2a! p l and introducing the 

4 The central charge is c = 1 for a boson, while for a fermion is c = 
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number operators 


D—2 oo 

^ = EE a 'n“» > 

D—2 oo 

4 vs) = EE r6 -^, 

D—2 OO 

-n^n ? 

i= 1 n=l 

i=l r=i 

i= 1 n= 1 


gives 

M 2 = 4 [Np + Np + a] 

5 

(1.29) 

(1.30) 


where Np and a are either for the NS sector or for the R one, and an analog condition 
follows from the anti-holomorphic part. Putting together left and right sectors gives 
the mass-shell condition 


M 2 = —- \Nb + Nb + Np + Np + a + a] , (1.31) 

a 

together with the level matching condition for the physical states 

Nb + Np + a = Nb + Np + a . (1.32) 

The mass formula for the bosonic string is simply obtained removing Np and Np 
and fixing a = a = — 1 . 

We can now describe the spectrum, and in particular the low-energy states of 

the string. In the NS sector the ground state | 0)ns is a scalar tachyon due to the 

negative shift a NS . The first excited state is a massless vector * | 0) jvs- Here there 

2 

is a peculiarity due to the fact that an anticommuting operator acts on a boson and 

gives a boson. The tachyon is eliminated projecting the spectrum with the Gliozzi- 

Scherk-Olive (GSO) projector P^q = 1 ~^' > [5] , where F counts the number of 

fermionic operators, so that after the projection the ground state is b l _i | 0 )ns- 

2 

Moreover, the higher states that remain are only the ones obtained acting with an 
even number of fermionic operators on the new ground state. This prescription also 
removes the difficulty we mentioned. On the other hand, in the R sector the states 
have to be fermions. In fact, the operators d l 0 satisfy the algebra {d l 0 , d q} = 5 lJ , that 
after a rescaling is the Clifford algebra, and commute with N^ S \ Therefore, the 
mass eigenstates have to be representations of the Clifford algebra, and in particular 
the ground state is a massless Majorana fermion. We project also this sector with 
P'qso = 1 + (~ 2 ^ F9 ’ w h ere Tg is the chirality matrix in the transverse space. The 
ground state in the resulting spectrum is a Majorana-Weyl fermion with positive 
chirality (the chirality of the ground state is a matter of convention) and the excited 
states have alternatively negative and positive chirality. 

The (GSO) truncation gives at low energy the spectrum of N = 2 supergravity 
in D = 10. If the left and right ground states in the R sector, | 0)r and | 0)r, 
have the same chirality, then the supergravity is of Type IIB, otherwise, if the 
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chiralities are the opposite, the supergravity is of Type IIA. The massless states, 
after decomposing the direct product of left and right sectors in representations of 
50(8), are in the NS-NS sector a symmetric traceless tensor G l2 identified with the 
graviton, an antisymmetric 2-tensor Bij , and a scalar </> called the dilaton. In the 
R-R sector they are a scalar, a 2-form and a 4-form with self-dual (antiself-dual) 
field-strength for Type IIB or a vector and a 3-form for Type IIA. The mixed 
sectors contain two gravitinos and two spinors (called dilatinos). In Type IIA the 
two gravitinos are of opposite chirality as the two dilatinos, while in Type IIB the 
two gravitinos have the same chirality, that is opposite to the chirality of the two 
dilatinos. It is important to note that although the Type IIB spectrum is chiral, it 
is free of gravitational anomalies m- 

For an open string there are only left or right oscillators, and the mass-shell 
condition is given by 

M 2 = —. [Nb + N f + cl] . (1.33) 

a 

The difference of the Regge slope ^7 with respect to the closed string ^ is understood 
recalling that popen is only half of the total momentum of a closed string p^i osed ■ Thus, 
the result for the open mass formula can be recovered simply substituting \p^i osed 
with popen , or \M^ osed with M^ pen . The low-energy GSO projected spectrum has 
a massless vector in the NS sector and a Majorana-Weyl fermion in the R sector, 
that together give the super Yang-Mills multiplet in D = 10. After this discussion, 
the spectrum for the bosonic string can be extracted without any difficulty. At the 
massless level it contains the graviton, the 2-form and the dilaton, in the closed 
sector, and the vector in the open sector. The bosonic string contains also open and 
closed tachyons, due to the shift of the vacuum energy 031 

1.2 One-loop vacuum amplitudes 

In this section we introduce the Riemann surfaces corresponding to the world-sheets 
swept by strings at one-loop, following 03- As we will see in the next sections, 
where we will face the orientifold construction, in String Theory it is possible to 
construct consistent models with unoriented closed and open strings, starting from 
a theory of only oriented closed strings. The important thing to stress is that 
while for the oriented closed string there is only a contribution for each order of 
perturbation theory, corresponding to a closed orientable Riemann surface with a 
certain number of handles h, for the unoriented closed and open strings there are 
more amplitudes that contribute to the same order. For example, at one loop an 
oriented closed string sweeps a torus that is a closed orientable Riemann surface 
with one handle. The next order is given by a double torus, with two handles, 
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Boundary 


Crosscap 


Figure 1.1: Boundary and crosscap. 

and successive orders of perturbation theory correspond to increasing numbers of 
handles. In order to elucidate what happens with unoriented closed and open strings, 
we have to introduce two new important objects: the boundary b and the crosscap 
c. The meaning of a boundary is understood taking a sphere and identifying points 
like in figure ITTl The resulting surface is the disk. The line of fixed points of this 
involution (the equator of the sphere) is the boundary of the disk. Also the crosscap 
is better understood considering the simplest surface in which it appears: the real 
projective plane. This is obtained identifying antipodal points in a sphere. The 
crosscap is any equator of the sphere with the opposite points identified. Let us 
note that the presence of a crosscap causes the loss of orientability of a surface, due 
to the antipodal identification. 

The perturbation expansion in String Theory is weighted by g7 x , where g s = 
is the string coupling constant, determined by the vacuum expectation value of the 
dilaton (ip), and y is the Euler character of the surface corresponding to a certain 
string amplitude. A surface with b boundaries, c crosscaps and h handles has 

y = 2-2 h-b-c . (1.34) 

Of particular importance are the surfaces of genus g = h+% + % = 1, or equivalently 
X = 0, that describe the one loop vacuum amplitudes. From their partition functions 
in fact it is possible to read the free spectrum of the string and to extract consistency 
conditions that make the theory finite and free of anomalies. The Riemann surfaces 
of genus g = 1 are the torus {h = 1, b = c = 0), the Klein-bottle {h = 0, b = 0, c = 2), 
the annulus {h = 0, b = 2, c = 0) and the Mobius strip (h = 0, b = c = 1). 

The torus represents an oriented closed string that propagates in a loop. With 
two cuts the torus can be mapped into a parallelogram whose opposite sides are 
identified. Rescaling the horizontal side to length one, we get the fundamental 
cell for the torus (see figure |T~2j) that is characterized by a single complex number 
r = Ti+ZT 2 , t 2 > 0 , the ratio between the oblique side and the horizontal one, known 
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Figure 1.2: The fundamental cell for the torus lattice. 



Figure 1.3: Fundamental domain for the torus. 


as the Teichmiiller parameter or modulus. Actually this cell defines a lattice, and we 
can choose as fundamental cell also the one with the oblique side translated by one 
horizontal length or the one with the horizontal and the oblique sides exchanged. 
These two operations are given respectively by 


T : t — > r + 1 , S : r —■>-. (1.35) 

T 

The transformations T and S generate the modular group PSL{ 2, Z) = SL(2, Ill'Ll 
whose action on r is given by 


ar + b 


(1.36) 


ct + d 

with ad — be = 1 and a, b,c,d E Z. All the cells obtained acting on r with the 
modular group define equivalent tori. As a result, the values of r in the upper half 
plane that define inequivalent tori can be chosen for example to belong to the region 
T = { — -7 < T\ < | r | > 1} (see figure mi) . This can be foreseen with a T 

transformation we can map all the values of r in the strip and with 

an S'-modular transformation we can map {r: |r| <l}to{T: |r| > 1}. The 
Teichmiiller parameter t has the physical meaning of the proper time elapsed while 
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Figure 1.4: Fundamental polygons for the Klein-bottle. 


a closed string sweeps the torus, and the modular invariance of the torus means that 
we have an infinity of equivalent choices for it. Let us note that modular invariance 
is a peculiar characteristic only of the torus, and is of fundamental importance since 
it introduces a natural ultraviolet cut-off on r. For the other surfaces of genus g = 1 
there is no symmetry that protects from divergences, but all ultraviolet divergences 
can be related to infrared ones. 

The Klein-bottle projects the states that propagate in the torus to give the prop¬ 
agation of an unoriented closed string at one loop. The modulus of the Klein-bottle 
is purely imaginary, r = iT 2 , and the fundamental polygon for it, obtained cutting its 
surface, is a rectangle with the horizontal side rescaled to one, the vertical side equal 
to it 2 , and the opposite sides identified after a change of the relative orientation for 
the horizontal ones (see figure EH) . A vertical doubling of the fundamental polygon 
of the Klein-bottle gives the doubly-covering torus with Teichmiiller parameter equal 
to if 2 = i2ro. The modulus T 2 is interpreted as the proper time that a closed string 
needs to sweep the Klein-bottle. But there is another choice for the fundamental 
polygon, obtained halving the horizontal side and doubling the vertical one, so that 
the area remains unchanged. The vertical sides of the new polygon are actually two 
crosscaps and the horizontal ones are identified now with the same orientation. This 
polygon corresponds to a tube ending at two crosscaps, so that the Klein-bottle 
can also be interpreted as describing a closed string that propagates between two 
crosscaps in a proper time represented by the horizontal side of the second polygon. 

The propagation at one loop of an oriented open string is described by the 
annulus. After a cut it is mapped into a rectangle with the horizontal sides identified 
(see figure Q. The vertical ones are the two boundaries of the annulus. The 
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Figure 1.5: Fundamental polygon for the annulus. 



Figure 1.6: Fundamental polygons for the Mobius strip. 

modulus of the annulus is once more purely imaginary, r = ir 2 , and represents the 
proper time elapsed while an open string sweeps it. The doubly-covering torus is 
obtained doubling the horizontal sides and its Teichmiiller parameter is it 2 = i-^r- 
But there is another equivalent representation of the annulus as a tube that ends 
in two boundaries. In this new picture, we can see a closed string that propagates 
between the two boundaries, and the modulus of the tube is just the proper time 
elapsed in this propagation. 

Finally, at genus g = 1 we have also the Mobius strip, that projects the annulus 
amplitude to describe the one loop propagation of an unoriented open string. The 
fundamental polygon is a rectangle where the horizontal sides are identified with 
the opposite orientation (see figure m- The two vertical sides together form the 
boundary of the Mobius strip. The modulus is iT 2 and has the meaning of the time 















32 


Superstring theory 



Figure 1.7: Klein-bottle, annulus and Mobius strip. 


elapsed while the open string sweeps the Mobius. The doubly covering torus in 
this case is not obtained simply horizontally or vertically doubling the polygon but 
horizontally doubling two times it (see hgure HlH) . The result is that the Teichmiiller 
parameter of the torus now is not purely imaginary but has a real part: t = -7 + i^. 
Also in the case of the Mobius strip it is possible to give an equivalent representation 
of the surface, halving the horizontal side while doubling the vertical one. The 
vertical sides are now a boundary and a crosscap and the horizontal side is the 
proper time elapsed while a closed string propagates from the boundary to the 
crosscap trough a tube. 

In the following, we will refer to the amplitudes corresponding to the first fun¬ 
damental polygon as the amplitudes in the direct channel, while the other choice 
describes the amplitudes in the transverse channel. The direct and transverse chan¬ 
nels are related through an S-modular transformation that maps the “vertical time” 
of the direct channel in to the “horizontal time” of the transverse one. A subtlety 
for the Mobius strip is due to the fact that the modulus of the doubly covering torus 
is not purely imaginary and we will come back to this point in the following. 
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1.3 The torus partition function 


After having introduced the Riemann surfaces with vanishing Euler characteristic, 
corresponding in String Theory to the one-loop vacuum amplitudes, we can begin to 
write their partition functions. We start at first from the simplest case of field theory, 
deriving the one loop vacuum energy for a massive scalar field in D dimensions 


= J d D x i + . (1.37) 

The one loop vacuum energy T is expressed trough the relation 

e _r = J[V<f>] e~ s(E) ~ [det(-n +Af 2 )]^ , (1.38) 

that means 

T = itr [ln(—□ + M 2 )] . (1.39) 

Using the formula for the trace of the logarithm of a matrix A 

/ °° rlt 

— tr ( e ~ tA ) , (1-40) 

where e is an ultraviolet cut-off, and inserting a complete set of eigenstates of the 
kinetic operator, we get: 


r 



d D p 

(2ir) D 




tr 



(1.41) 


where V is the space-time volume. The integral on p is gaussian and can be com¬ 
puted. The result is that the one loop vacuum energy for a bosonic degree of freedom 
is 


r 


v 

2(47r) 2 " 


dt 

Je W 1 


tr 



(1.42) 


For a Dirac fermion there is only a change of sign due to the anticommuting nature 
of the integration variables, and we have also to multiply for the number of degrees 

D 

of freedom of a Dirac fermion that in D dimension is 2 2 . The end result, for a 
theory with bosons and fermions is 


r 


v 

2(47r)T 


dt 

Je 


Str(e-* M2 ) , 


(1.43) 


where the supertrace Str is 


Str = £ - 2# £ 

bosons fermions 


(1.44) 
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We now use the expression 031) in the case of superstring theory, recalling the mass 
formula Oil) . that here we report in terms of Lq = Nb + Np and Lq = Nb + Np 


M 2 


2 

a' 


-Lq" + -Lq" + a + a 


(1.45) 


In order to take properly into account the level-matching condition for the physical 
states, we have to introduce a delta-function in the integral (EH - Setting the 
dimension to the critical value D = 10 gives 


r = - 


v 


2(4vr) 


!>i; 


zL gtr + L o + a + “]* e 2 ™[ L o + a ~ L o ~ 

(1.46) 


that, defining r = s + and q = e 2mr , q = e 27TlT , becomes 

1 

V 


r = - 


2(4a / 7r 




J ' (1t\ £ ^ Str (q L ° +a q L ° +a 


(1.47) 


This is the partition function for a closed string that propagates in a loop, so that it is 
the torus amplitude with r its Teichmiiller parameter. Recalling that all inequivalent 
tori correspond to values of t in the fundamental region J 7 , and apart from an overall 
normalization constant, we can write the torus amplitude in the form 


[ ^ 4 str (? L ° +a q L ° + ~ a ) • 

(1.48) 

h t 2 T 2 V J 



Let us remark again that the modular invariance of T (that we will check in a while) 
allows one to exclude from the integration region the ultraviolet point r = 0, where 
the integrand would diverge. 

At this point we have to compute the traces. In the NS sector a = — ^ and the 
trace is 


tr q 


n b +n f -± _ 


Vv 


tr (q a -n a r 


tr q 


e; 


r b l hi 


(1.49) 


where a sum over i = 1... 8 is understood. The bosonic trace is like the partition 
function for a Bose gas. Using the algebra OB . a state with k oscillators of 
frequency n gives a contribution q nk , so that we have to compute 


8 oo 

IMS «”* ( L50 > 

i =1 ii =1 k 

and the result is 

1 


n„,=i(i-^) 8 ' 


(1.51) 
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The fermionic trace is instead like the partition function of a Fermi-Dirac gas. By 
the Pauli exclusion principle, any oscillator can have occupation number only equal 
to 0 or 1, and thus the fermionic trace is simply 


IIII (' + «' 

i=1 r= 1/2 


(1.52) 


D —2 

In the R sector a = 0, and we have to multiply by 2 2 = 16 to take into account 

the degeneracy of the Ramond vacuum. Putting the bosonic and the fermionic 
contributions together gives 


tr q 


n b +n f -± 


tr q n b+ n f 


rir=l/2( 1 + 9 T ) 8 

ynuFfF 

1fi rUi(i + g n ) 8 

n„=i(i-^) 8 


(NS), 
(R) . 


(1.53) 


The previous quantities can be expressed in terms of the Jacobi 1 ?-functions of ar¬ 
gument z = 0 


1 ? 


a 

p 


(z\t) = Y 1 


q §(n+a) 2 e 2m(n+a)(z+P) 


(1.54) 


n 


where a, f3 = 0, ^ . Equivalently the Jacobi //-functions can be defined by the 
infinite products 


1 ? 


a 

p 


(z\t) 


00 00 

e 2iira ( z + p ) qO 2 / 2 JJ (1 — q n ) JJ (1 + q n + a ~ 1 / 2 e 2in ^ z+l3 ^) 

n= 1 7i—l 

oo 

X U (1 + q n-a-l/2 e -2in(z+P)j _ (R55) 

71—1 


Moreover, we have to introduce the Dedekind //-function 

OO 

r/( T ) = q h (1 - q n ) . (1.56) 

71—1 


Using the definition (Hum) and (IT351) . it is then possible to write the following 
quantities: 


i9 4 

1/2 

.l/ 2 . 

(0|r) 


V 12 ( 

1/2' 

0 

t) 

(0|r) 

?/ 12 (t) 

[J] (Ok) 

r 

/ 12 ( T 

0 

!/ 2 

) 

(0|r) 


?/ 12 (r) 


tff(0|r) n 

r/ 12 (r) ’ 

^(Qi r) 1F n”i(i+g n ) 8 

" v i2 (r) n~i(i-^) 8 ’ 

^(ok) n^=i( i +g n ~ 1/2 ) 8 

V 12 (r) qN 2 n“ l(1 -^)8’ 

^(p|r) n”i(i-g n ~ 1/2 ) 8 

- t/ 12 (r) g i/2 n ~ =1 (l-<r)8 ’ 


(1.57) 

(1.58) 

(1.59) 

(1.60) 
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that are directly related to the ones that appear in the string amplitudes after the 
GSO projection 


tr 

tr 


n b +n p -i 1 - (-!) F 
-2 

Ng+Np 1 ± r9(-l) F 
q 2 


1 ^(0|t)-^(0|t) 
rf 2 r/ 4 (r) 

1 ^(0|r)±^(0|r) 

rf 2 r/ 4 (r) 


(1V5) 

(*) , 


(1.61) 


where the sign in the Ramond sector selects the chirality of the vacuum. The four 
^-functions are related to the four spin structures of the fermionic determinant on 
the torus, and r)\ vanishes because it is the contribution of the periodic-periodic 
structure that is the only one which containing a zero-mode. In order to have a 
modular invariant partition function, we need all the four GSO-projected sectors 
NS-NS, NS-R, R-NS, R-R. Let us note again the importance of the projection, that 
is instrumental to reconstruct the modular invariant. 

At this point, it is useful to introduce the characters of the affine extension 
(k = 1) of the algebra so( 8), decomposing into two orthogonal subspaces both the 
NS and the R sectors 


Os 


5s 


2rj 4 

2 Tj 4 


V 8 

Og 


2 rj 4 

#i-#i 

2 T) 4 


(NS) 

(R) . (1.62) 


Each of these characters in the language of CFT is a trace over the corresponding 
Verma module (or conformal family) that consists in an infinite tower of descendants 
of increasing mass and spin whose state with the lowest conformal weight Lf = h 
is called the primary field. The general form of a character is 


X (q) = q h ~ c / 2 ( 1 - 63 ) 

k 

where c is the central charge, that is c = 12 if we take into account also the bosonic 
degrees of freedom dividing the characters of so(8) by rf , h is the conformal weight 
of the primary field, h + k are the conformal weights of the descendants and the d}. 
are integers. For example Og/rf starts with a scalar tachyon of conformal weight 
h = 0 and squared mass proportional to — V 8 /rf , S 8 /rf , and Cg/rf start 
respectively with a massless vector, a massless left Majorana-Weyl spinor and a 
massless right Majorana-Weyl spinor, that have the same conformal weight h = -( . 

The partition function for the torus can now be written rather simply. Then, 
if the relative chirality of the left and right R sectors is the same, we get the torus 
partition function for the Type IIB string, 


Tub 



1 


8 


1^8 - S 8 | 2 , 


r| t 4 (r] rj) 


(1.64) 
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otherwise we get the partition function for the Type IIA string, 

1 


r IIA = [ *r 


(Vs - 5 8 ) (Vs - Cg) . 


(1.65) 


J >2 '2 (v vY 

Let us note the minus sign in front of Sg and Cg, due to their fermionic nature. The 
factor 1 /(w) 8 is the contribution of the 8 world-sheet bosonic degrees of freedom. 

We can write rather simply also the torus partition function for the bosonic 
string, where we do not have any fermionic oscillators and there are D — 2 = 24 
bosonic degrees of freedom, each of which contributes a factor 1 /y/vi |?y(r)| 2 , giving 
a torus amplitude equal to 


T h 


d 2 r 


1 


bosonic 


-12 


(v v) 


24 


( 1 . 66 ) 


Coming back to the superstring, and after what we said about the characters, it 
is simple to read off the low-energy spectra of the Type IIA and IIB theories from 
their partition functions and to convince oneself that they coincide with the ones 
we already recovered at the end of the first section. For example, Vs Vs contains 
the graviton, the dilaton and the antisymmetric 2-tensor, both in the type IIA and 
type IIB supergravity. Moreover, the type IIB superstring contains another scalar 
another 2-form and a 4-form with self-dual field-strength that come from SgSg, two 
gravitinos with the same chirality and two dilatinos also with the same chirality 
that come from VgSg + SgVg. For the type IIA supergravity SgCg gives an abelian 
vector and a 3-form, while the mixed term gives two gravitinos and two dilatinos 
with opposite chiralities. 

An important thing to observe is that the relation 


# 3 - 04-02 = 0 , 


(1.67) 


known as the aequatio identica satis abstrusa of Jacobi, implies Vs — Sg = 0 , which 
means that at each level the spectrum of Type IIB superstring contains the same 
number of fermionic and bosonic degrees of freedom, and again this happens thanks 
to the GSO-projection. 

We can now discuss the modular invariance of the amplitudes we wrote. First of 
all, the integration measure is invariant. The transformation laws for the Dedekind 
function 

T : r]{r) — ► t/(t+1) = ei 2 tj ( t ) , S : ij ( t ) —> rj = y/—ir ??(r) , (1.68) 


then imply that also the denominator r| (r/r/) 8 is clearly invariant. The modu¬ 
lar invariance of the torus is then demonstrated if we consider that on the basis 
Og , Vg , Sg , Cg a T-modular transformation acts like 


T = e~ in / 3 diag (1,-1,-1,-1) , 


(1.69) 
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that can be proved recalling that the form of the characters is of the type given in 
(HMD with c = 4 (because the so(8) characters contain only the contribution of the 
fermionic oscillators), while an S-modular transformation is described by 


( 1 1 
1 1 

1 -1 
V 1 - 1 


1 1 ^ 

-1 -1 

1 -1 
- 1 1 ) 


(1.70) 


that can be determined from the S-modular transformation law for il-functions 



^!/2 e 2ina/3+iiTZ 2 /T ^ 



{z\t) . 


(1.71) 


For completeness, here we give also the T-modular transformation 


d 


(. z\t + 1 ) = 


P+a-1/2 


(z\t) . 


(1.72) 


Before closing this part, we would like to reconsider the torus partition function 
from the point of view of CFT El ESI- In fact, apart from the integral with its 
measure, the general form of a torus partition function is 


T = 'Y^XiXijXj , (1-73) 

where is a matrix of non negative integer numbers, that for the rational models 
is finite-dimensional. Modular invariance restricts the general form of Xjj , imposing 
the constraints 

S Jf XS = X, T ] XT = X. (1.74) 

This observation is very important and will allow us to write in the next chapter 
the torus partition functions for the type 0 models. 


1.4 The orientifold projection 

This section is devoted to review the orientifold projection for the Superstring The¬ 
ory 11^1 IHH1 IHHl inm nm H7| . This is an algorithm to build a consistent theory of 

unoriented closed and open strings. The starting point is a torus partition function 
for the Type IIB string that is left-right symmetric. The resulting model is known 
as the Type I string. In order to make the string unoriented, we have to identify the 
left and right modes of the string, projecting the spectrum to left-right symmetric 
or antisymmetric states. The projection has to be consistent with the interacting 
theory, and this means that only one of the two possible choices can be implemented. 
Actually, what we have to do is insert in the trace of HU the projector P = 
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where ft is the world-sheet parity, whose action is to exchange the left (L) oscillators 


with the right ( R ) ones. The result is that T —► T/2 + /C, where }C is the partition 
function for the Klein-bottle 



(1.75) 


The trace to perform is 


J2(L,R | q L o- a q L o-“n \ L,R) = ^{L, R \ q L ° ~ a q L o~ a \ R, L) , (1.76) 


L,R 


L,R 


and using the orthogonality of the states, we can reduce this to the sum over only 
the diagonal sub-space, identifying effectively Lq with Lq , 



(1.77) 


L 


The last expression depends naturally from 2zt 2 , which we recognize as the modulus 
of the doubly covering torus for the Klein-bottle. Moreover, we understand that the 
mixed sectors in the torus have to be simply halved because their contribution after 
the action of would be zero for orthogonality. Performing the last sum, we get 



(1.78) 


The projection symmetrizes the NS-NS sector and antisymmetrizes the R-R sector, 
while the mixed sectors in T are simply halved, as we said. This is consistent 


with the fusion rules between the conformal families corresponding to the characters 


Vs, Os, —Ss, —Cs- These rules, encoded in the Verlinde formula [15], say that Vs 
behaves like the identity in the fusion with the other characters, while — Ss fuses 
with —Cs to give Os- 

The resulting massless spectrum is obtained from the Type IIB one eliminating 


the 2-form from the NS-NS sector, the scalar and the 4-form from the R-R sector, 


one gravitino and one dilatino from the mixed sector. What survives the projection 
is a graviton, a dilaton and a RR 2-form for the bosons, and a gravitino and a 


dilatino of opposite chirality for the fermions. This spectrum corresponds to the 


J\T = 1 minimal supergravity in D = 10 dimensions. 

In order to go in the transverse channel, the first thing to do is to express (IT781) 
in terms of the modulus of the doubly covering torus, and the change of variable 
2t 2 = i 2 , (11-781) uncovers the important factor 2 5 . Then we have to perform an S 
modular transformation: t 2 —> l/l, where £ is the time in the transverse channel. 
The “supercharacter” (Vs — Ss) is invariant, while the factor t 2 f/(it 2 ) 8 —► r](i£) 8 , and 
thus the transverse Klein-bottle is 



(1.79) 
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Let us stress that (E~zm> is a sum over the characters Vs and —S$ flowing in the 
transverse channel, each of which is multiplied by a positive coefficient that can be 
interpreted as the square of the one-point function of the character in front of the 
crosscap. The Klein-bottle projection has must be consistent with the positivity of 
these coefficients in the transverse channel, as in fact is the case in cm 

At this point we introduce the open strings. As we already saw in the first sec¬ 
tion, an open string allows the propagation of the vector and therefore it describes 
naturally the Yang-Mills interaction. The important thing to stress is that a scat¬ 
tering amplitude with only open strings is planar and, as was observed by Chan and 
Paton m , its cyclic symmetry remains preserved also multiplying the amplitude 
for a factor that is the trace over the product of matrices of a certain gauge group. 
So, it is possible to associate to an open string a Chan-Paton matrix or equivalently 
to attach at the ends of the string some Chan-Paton charges. Marcus and Sagnotti 
showed that the Chan-Paton group can be only one of the classical groups m , thus 
excluding the exceptional groups. 

Let us begin to write the one-loop partition function for an oriented open string. 
Its general form is 

N 2 f°° ^ Str q^ L o~ a ) , (1.80) 

Jo T~2 

where N is the multiplicity of the Chan-Paton charges. Let us note the factor ^ in 
the exponent, reflecting the different mass-shell condition for an open string. This 
factor will make the annulus depend on the modulus of the doubly covering torus. 

The amplitudes for unoriented open strings are obtained inserting in the trace 
the projector P = (1 + efI)/2, where the world-sheet parity II flips the ends of the 
string, f2 : <r — » 7T — <7, while e is a sign that will be fixed in order to have a consistent 
model. After the projection, the trace Pol) splits in the amplitude for the annulus 


N 2 r°° dr 2 (V 8 - S 8 )(^it 2 ) 

■ 2 J 0 T$ rfii\ir 2 ) ’ 

and the amplitude for the Mobius strip 

= eiV f°° dr 2 (V s ~ Ss)(^ir 2 + j) 

2 Jo t 2 V 8 (±iT 2 + l) 


(1.81) 


(1.82) 


The last amplitude is understood if we consider that acts on a state | ij) 
(where i , j run on the multiplicity of the Chan-Paton charges at the end of the 
string) giving (—) n a_ n | ji ). Thus, when we compute the trace, the sum over i.j 
is restricted only to the diagonal states | i), giving a factor N, while q 2 is shifted 
to q2(—) n , that means e 27rm ( 1 / 2 + lT 2 / 2 ) j i n which we recognize the modulus of the 
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doubly covering torus. In order to have a real integrand for the Mobius strip, we 
introduced the real hatted characters whose generic form is 


X(ir 2 + |) = q h - c/24 ]T(-l) fc 4 q k , q = e~ 2 ^ , (1.83) 

k 


that differ from the standard x {' LT 2 + 1/2) in the overall phase e - l7r ( ft - c / 24 ). 

The transverse channel for the Annulus amplitude is simply obtained making 
the change of variable ?r = t 2 , that gives an overall factor 2~ 5 , and then performing 
an S transformation t 2 —► 4: 


7 _ 2- 5 N 2 /- 00 (yj,-S 8 )(il) 

2 ./o ^(tf) 


(1.84) 


Note that also for the transverse annulus the characters Vs and — S$ are multiplied by 
positive numbers whose square roots are the one-point functions of those characters 
in front of the boundaries. 

Writing the transverse channel for the Mobius presents some subtleties due to the 
real part of r, and as a result, the transformation T 2 —> 1/t is achieved performing 
a P = T 1 / 2 ST 2 ST 1 / 2 transformation |51j . On the basis 


0 8 ^8 


5s Os 


- 7 - 4^8 

'2 r l 


'2 r l 


r 4 r? 8 
'2 'I 


8 

'2 'I 


(1.85) 


the action of T is simply T = diag(—1,1,1,1) , so that, considering that S squares 
to the conjugation matrix, that is the identity for so(8) because its representations 
are self-conjugate, the P matrix takes the very simple form 


P = T = diag(—1,1,1,1) , 


( 1 . 86 ) 


apart from an overall power of 72 that disappears in the transverse channel. In terms 
of l = t/2 the transverse Mobius amplitude then reads 


M 



dt 


(fr 8 -5 8 )(zl+^) 

ff’iit + i) 


(1.87) 


Naively the transverse Mobius amplitude, that is a tube between a crosscap and a 
boundary, can be seen as the geometric mean \JKLA. so that the factor 2 in (071) is 
a combinatoric factor, while the sign e reflects the sign ambiguity of the one-point 
functions in front of the crosscap and of the boundary, that we know only squared 
from A and 1C. 

The massless spectrum, that we read from the direct channel, gives the N = 1 
super Yang-Mills multiplet in D = 10 and consists of a vector and a Majorana-Weyl 
fermion with multiplicity N(N — e)/2. Therefore, e = 1 corresponds to the adjoint 
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representation of the gauge group SO(N), while e = —1 corresponds to the adjoint 
representation of USp(N). 

At this point it is useful to summarize the orientifold construction. To this end, 
let us consider the general form of the torus partition function (H~7Hi) 

T = E \,.Y,a, , (1.88) 

i,j 

with its constraints uni. Moreover let us suppose that Xij = 0,1. A value of X{j 
different from 0,1 means that we have more conformal families starting with the 
same conformal weight, and thus we have to resolve an ambiguity. 

In the Klein-bottle only the left-right symmetric sectors can propagate, the ones 
with Xu / 0 

/C = ^X? Xi , V = ±X ti . (1.89) 

i 

While in the transverse channel we read 

K = • ( L9 °) 

i 

The coefficients Tj are the one-point functions (or the reffection coefficients) of Xi hr 
front of a crosscap. The signs of /C* have to be chosen in order to have a consistent 
interacting theory with positive coefficients (T*) 2 in the transverse channel. 

The transverse annulus has the form 

^ = > ( L91 ) 

where B l a is the one-point function of Xi hr front of a hole with boundary condition 
labelled by the index a and where n a is the corresponding Chan-Paton multiplicity. 
As a bulk sector reflecting on a boundary turns into its conjugate, the transverse 
annulus propagates only the characters Xi that appear in the torus in the form xfxi: 
where xf is the conjugate of Xi- In the case of A' = C, where C is the conjugation 
matrix, all bulk sectors can reflect on a hole and the number of different boundary 
conditions is equal to the number of bulk sectors. One can turn an important 
observation of Cardy m on the annulus amplitude into an ansatz to write the 
orientifold of a theory with X = C. But let us to proceed with the general case. 
After an S'-modular transformation we get the direct channel for the annulus 

A = \ E A “b n “ Xi ■ 

i,a,b 


(1.92) 
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Finally, the transverse Mobius, apart from a combinatoric factor 2, is the square 
root of 1C x A 

• A ' l = 5X> r ‘(X>«"“J > U 93 ) 

while in the direct channel it reads 

M = M\n a Xi • (1-94) 

i,a 


The construction then is consistent if A4 is the projection of A, meaning that M* = 
±Ka, supposing A l aa = 0,1 . 

For completeness, now we report also the amplitudes for the bosonic string. The 
orientifold projection proceeds along the same steps we traced for the superstring, 
but it is much easier because there are only bosonic oscillators. Apart from the torus 
partition function, the other amplitudes are 


K. = 


A = 


2 t 2 12 r/(2ir 2 ) 24 


N 2 


1 


. . eN 
M = — 


2 r 2 12 t ?^) 24 ’ 

1 


2 T 42 77(^2 + i) 24 ’ 

while in the transverse channel they read 

1 


ol3 

ic = =- 


A = 


2 ri(ii) 2A ’ 
2~ 13 N 2 1 


M = 2 


2 r](i£) 24: 

eN 1 


2 fi(i£ + |) 24 ’ 


(1.95) 


(1.96) 


where the integration is understood. The Klein-bottle amplitude symmetrizes the 
torus, and the resulting unoriented closed spectrum at the massless level contains 
only the graviton and the dilaton, while the massless unoriented open spectrum has 
a vector in the adjoint representation of SO(N ) or USp(N ), depending on the choice 
of the sign e. 

All those amplitudes have an ultraviolet divergence for r 2 —»• 0. The origin of this 
divergence is well understood if we pass in the transverse channel and we consider 
that a closed string state of squared mass equal to M 2 and with degeneracy cm 
enters in those amplitudes with a term proportional to 


^2 c M 

M 


die 


-m 2 


J2 °M 

M 


1 


p 2 + M 2 


p 2 = o 


0 


(1.97) 
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Figure 1.8: Tadpole condition. 


Thus, in the infrared limit l —► oo, the only states that survive are the massless 
ones, and the propagation of such states at vanishing momentum gives the infrared 
divergence we said. Nevertheless, it is possible to cancel this divergence noting 
that in the limit £ —> oo the transverse amplitudes factorize in a one-point function 
of a massless closed string state in front of a boundary or a crosscap times the 
propagator of such a state at vanishing momentum times another one-point function. 
Therefore, eliminating the pole one is imposing the vanishing of the residue. As 
these one-point functions, that are commonly called tadpoles, depend on N and e, 
the conditions one imposes, known as tadpole conditions, will fix also the gauge 
group. For the bosonic string, all the (transverse) infrared divergences cancel by 
imposing the tadpole condition 

2 13 + 2~ 13 N 2 — 2eN = 2“ 13 (N - e 2 13 ) 2 , (1.98) 


that fixes e = +1 and the gauge group 50(8192) [ 53 , 51 ', 1551 t5H_ . 

For the Type I superstring EZj, thanks to the supersymmetry, the tadpole con¬ 
dition is the same for both the NS-NS and the R-R sectors 


2 5 2 -5 N 2 eN 2“ 5 , x9 

y + ^- + 2- = —(iV + 3 2e f = 0. 


(1.99) 


and fixes N = 32 and e = — 1. Therefore the gauge group is 50(32). 

Let us note that the tadpole cancellation is possible in general only if the model 
contains both unoriented closed and open strings and that it does not depend on the 
torus partition function that is free of divergencies due to the modular invariance. 
The Type I model is free of anomaly thanks to the Green Schwarz mechanism El 
Although the R-R and NS-NS tadpoles are cancelled at the same time for the 
Type I superstring, conceptually the tadpole condition in the two sectors has very 
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different meanings. To explain this point, we have to introduce new space-time ob¬ 
jects, the Dp-branes and the Op planes. A Dp-brane is a dynamical extended object 
with p + 1 dimensions. The ends of an open string can attach to it with Dirichlet 
boundary conditions in the 9 — p directions orthogonal to the brane and Neumann 
boundary conditions in the p + 1 directions parallel to it. These hyperplanes have a 
tension that is always positive and are charged with respect to a potential described 
by a (p + l)-form [Sj. Moreover, there are also Dp-branes that have the same ten¬ 
sion but the opposite charge. By convention we consider positive the charge of a 
Dp-brane and negative the one of a Dp-brane. 

The Op planes, or orientifold planes, are the fixed points of the world sheet parity, 
invade p + 1 dimensions and have no dynamics. They carry a charge with respect 
to a (p + l)-potential and a tension that now can be both positive and negative. 
Thus there are two types of these hyperplanes together with their conjugates (that 
have an opposite charge): the 0+ planes with negative tension and charge, the 0_ 
planes with positive tension and charge, the 0+ planes with negative tension and 
positive charge and the 0_ with positive tension and negative charge. 

Actually, the space-time Dp-branes correspond to the world-sheet boundaries, 
while the orientifold planes are the space-time counterparts of the crosscaps. 

At this point, it should be clear that from the NS-NS and the R-R sectors of 
the transverse annulus one can read the squared tension of a brane (the tension is 
the charge for the gravitational field that flows in the NS-NS sector) and its charge 
(the potentials with respect to the branes are charged are described by the forms 
flowing in the R-R sector), while from the NS-NS and R-R sectors of the transverse 
Klein-bottle one can read the tension and the charge of an O-plane. 

For example, the Type I superstring contains N = 32 D9-branes and a 09_|_ 
plane. Coming back to the tadpole condition, now we understood that the R-R 
tadpole cancellation is related to the charge neutrality of the space-time, and its 
absence would give quantum anomalies. On the other hand, the NS-NS tadpole 
condition can be relaxed breaking supersymmetry and giving a dilaton dependent 
correction to the low-energy effective field theory proportional to 



( 1 . 100 ) 


where the coefficient in front of the dilaton <p is related to the Euler characteristic 


of the disk. 

A term like onup is a source for the gravitational field equation, and hence 
curves the space-time. The maximally symmetric Minkowski space is no more a 
solution, and this reflects itself in the infrared divergences that we met in the trans¬ 
verse channel. This crucial point is the heart of this Thesis, and we will deal with it 
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in the last two chapters, where we will show in a number of field theory toy models 
how to recover the proper finite results starting from a “wrong” vacuum, after suit¬ 
able resummations are carried up, and where some examples of string models where 
tadpoles seem not to affect the results, at least at the lowest order, are discussed. 

Before closing this section, we would like to describe a first example of a model 
with a NS-NS tadpole. Starting from the transverse amplitudes A and M of the 
Type I .SO (32) superstring, one can actually generalize them, allowing different signs 
for the NS-NS and R-R sectors 

(n + + n_) 2 V 8 - (n_|_ - n_) 2 S s 


A = 


M = 


2~ 5 

~Y 

If 


di 


rjo 


dt 


e NS (n + + n_) V 8 - e R (n + - n_) S 8 

fjS 


( 1 . 101 ) 

( 1 . 102 ) 


From A we see that n+ counts the number of D-branes while n_ counts the number 
of D-branes, while the type of O-planes involved depends on the choice of the two 
signs e R and ejys- The tadpole conditions in the NS sector 


2^ 2 5 (re + + n_) 2 e NS (n + + n_) = 

2 2 w 2 


and in the R sector 


2 5 2 5 (n + — n_) 2 e R (n + — n-) 

-1--L_ + 2 + - L = 0 

2 2 2 


NS 


R 


(1.103) 


(1.104) 


are clearly solved by the SO( 32) superstring, but one can relax the condition in 
the NS-NS sector. In that case, the R tadpole condition fixes n + — n_ = 32 and 
e R = —1. The sign ews remains still undetermined, and its value specifies the kind 
of orientifold planes present in the model. In particular, e^s = +1 means that 
0_ planes are present, while e^s = — 1 means that 0+ planes are present. Let 
us stress that the simultaneous presence of branes and antibranes brings about a 
tachyonic instability that reflect their mutual attraction (see, in the direct channel, 
the tachyonic term n_|_n_Os ) 

dt 


A = 


M = 


1 r 

2 Jo 


t e r] 8 

dt 


[(n 2 + n 2 ) (Vs - 5g) + 2 n + n. (O a - C 8 )] , (1.105) 


e NS (n+ + n_) V 8 - e R (n + - n_) S 8 


(1.106) 


Jo t 6 d 8 L 

The spectrum is no more supersymmetric, and a “minimal” choice is the Sugimoto 
model m , that corresponds to n + = 0 , n_ = 32 and e R = ejsrs = +1. The resulting 
spectrum is not supersymmetric, with a massless vector and a massless Majorana- 
Weyl spinor respectively in the adjoint and in the antisymmetric representation of 
the gauge group USp( 32), but the tachyon instability is no more present. 
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1.5 Toroidal compactification 


In this section we study the compactification of one dimension, say X, on a circle 
S 1 . Certainly the momentum in the compactified dimension is quantized in inverse 
units of the compactification radius R : p = m/R , but a closed string has also 
the possibility to wrap itself around the circle n times. The integer n is called the 
winding number. What we have to do is to identify 

X (r, a) ~ X(t, a + ir) + 2irRn , (1.107) 


obtaining in this way the expansion 
m '' 


n^O 


X = x + 2a'^T+2nRa+i^- £ ( ^ ^ e -2in(r+<r) j (L108) 


Ot-r 

n 


OLr 

n 


Then, in order to separate also the zero mode in a left and in a right part, it is 
convenient to introduce 


m nR 

Pl = -5 + — 
R a! 


m nR 

PR = - T 

R a! 


In terms of these momenta X decomposes in Xl + Xu, with 

Xl,r = + oi'pl,r(t ct) + oscillators 

and the mass shell condition becomes 

2 


m 2 = 


a 


QZ 9 Oi o | — | _ 

—Pi + ~^Pr + L o + L 0 + a + a 


together with the level-matching condition 


OL o T I OL o r= I _ 

T[PR + L 0 + a = —Pl + L 0 + a . 


In computing the vacuum amplitudes, one has to replace 

tr(q L ° +a q L ° +n ) -> tr (q L o +a+! rPR q L o+ a+! TPl^j 


(1.109) 


( 1 . 110 ) 


(1.111) 


( 1 . 112 ) 


(1.113) 


and since in equation don the gaussian integral actually is over the D — 1 non¬ 
compact momenta, a different power of the modulus 72 

1 1 


D/ 2+1 


(D—l)/2+l 


(1-114) 

'2 T 2 

is obtained. Therefore, in order to take into account the compactification, what one 
has to do is to replace in the vacuum amplitudes 
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E 


Q 


4 Vr q 4 Pl 


rfrj 


n n 


(1.115) 
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for each compact dimension. 

The quantity on the right-hand side of the previous equation is clearly invariant 
under a T-modular transformation. Proving its invariance under an S'-modular 
transformation requires the use of the Poisson transformation 


^ ' e _77 nT + 2 i n b T n 

K}ez 


1 

x/detp) 


y ^ 7r (m— b) T A 1 (m—b) 
{mi}eZ 


(1.116) 


where, denoting with d the number of compact dimensions, A is a d x d square 
matrix and in and n are d-dimensional vectors of integers. 

For example, the sum in the case of one compact direction, after an S transfor¬ 
mation, is in terms of rn and n 


—ir m 2 

e 

m,n 



r\ 2 R 2 \ 
a'r 2 J 


2irim 

e 



-TTT 2 n' 2 R 2 


(1.117) 


from which we recognize A 1 = \t\ 2 R 2 /c/t 2 and b = nri/|r| 2 . Performing a Poisson 
resummation with respect to m gives 


\t\R V 7r|r| R fm' "T.) -*T 2 n R- 

— \ e “ ,T2 ' FP / e “VP 

1 'T"r. ^ ’ 


\/a'T 2 , 

ra ,n 

that can be put in the form 


(1.118) 


t\R ^ —2nim' -7rm /2 

e 


\[a r T‘2 , 

m' ,n 


t 2 e 


(1.119) 


At this point one has to perform another Poisson resummation with respect to 
n, with A -1 = c/r 2 /i ? 2 and b = —iR 2 m'T\/a' r 2 


E 


\t\ > e 


T 2 ( i ^ ^ m T 1 


— 7T 71+2-7* 

\ 1 rv' 


\t\*R* m ‘ 

— 7 T -——7 - 

g a T2 


( 1 . 120 ) 


The last expression is just the original sum, with windings and momenta inter¬ 
changed and with an overall factor of |r|. Such a factor is then absorbed by S- 
transforming l/rifj. The Poisson resummation is fundamental in the following in 
order to connect the direct and transverse channels. 

An important comment concerns the special value R. = \fa! of the internal 
radius. To understand this point, let us consider for example the case of a bosonic 
string, whose critical dimension is D = 26 and whose spectrum involves a shift of 
the vacuum energy a = — 1 both for the left and right sectors, with X 25 compactified 
on a circle. For a generic value of the radius, the massless spectrum is solely given 
acting with the oscillators on the state \m = 0, n = 0) as follows: 


ckE i110, 0) , cd_id_i|0, 0) , a 25 1 d J _ 1 10,0) 


o+d+lUl) . (1.121) 
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The first state decomposes in the graviton, the 2-form and the dilaton, the second 
and the third states are U(l) vectors, while the last state is a scalar. This is just the 
conventional Kaluza-Klein spectrum familiar from circle compactification in Field 
Theory. Actually, the vacuum value of this scalar can not be fixed and remains 
undetermined: it is a modulus of the theory, and determines the effective size of 
the internal manifold. Now this scalar is emitted by the operator dX 25 dX 25 , that 
can be seen as a perturbation of the internal metric, so that having only one scalar 
means that one can deform the internal manifold only in one way. 

But for the special value R = \foj there are more massless states, and the result 
is a stringy enhancement of the gauge symmetry. Taking into account the level 
matching condition Nb — Ng = — mn , eight additional scalars 

a 2 _\ |± 1 ,± 1 >, | ± 2 , 0 ), 10 , = f 2 ) ( 1 . 122 ) 

and four additional vectors 


cfcLil ± l,=Fl) , ai^il^l) 


(1.123) 


emerge. As a result, there are now 9 massless scalars, and more importantly 3 
vectors from the left modes, 3 vectors from the right modes, so that the gauge group 
is enhanced to SU(2) x SU( 2), while the scalars fill the (3,3). Moving away from 
the special value of the radius, a Higgs mechanism takes place, and the group is 
broken to 17(1) x 17(1), four scalars are reabsorbed to give mass to four of the six 
vectors and four become massive. 

A related key ingredient in toroidal compactification is T-duality j59j . Such a 
transformation maps R a'/R and interchanges windings with momenta. The 
net effect of a T-duality is that pl <-> p L and p R <-> — p R . Therefore, defining 
T : a n <-> a n and T : a n <-> — a n , we see that a T-duality acts like a parity only 
on the right sector. The special value of the radius R = \fa' can be characterized 
as the unique self-dual point. 

For an open string a T-duality is even more interesting, since it affects the bound¬ 
ary conditions at its ends. Let us consider the coordinate of an open string along 
the compact dimension, with Neumann boundary conditions (9<jX(0) = d a X(ir) = 0 


X = X L +X R 


x ,m, . v / 2cd 

- + a '-(r+ *) + ,— 



n 


+ 
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X 

2 


m. 


+ a-(T 



n 


(1.124) 


Notice that there are no windings, because one can not interlace an open string. 
After a T-duality, that is a parity only on Xr, we have a T-dual coordinate 

X T = Xr — Xr = 2nR T a + oscillators 


(1.125) 
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that satisfies Dirichlet boundary conditions along the compact direction 

X T (0) = X T (i r) = 0 mod 2irnR T . (1.126) 

Here, R T = a'/R is the dual radius, while n has now the interpretation of a winding 
number. Eq. frmi means that in the T-dual picture the ends of the open string 
are attached to a hyperplane, actually a D-brane, placed at the origin of the compact 
direction and orthogonal to it. 

More generally, a Dp-brane is mapped to a D(p — l)-brane, if one performs a 
T-duality along a direction tangent to the brane, while it is mapped to a D(p + 1)- 
brane if the T-duality is along a direction transverse to it. This is consistent with 
the fact that the Type IIA and the Type IIB theories compactified on a circle are 
one the T-dual version of the other, where the T-duality, acting as a parity only on 
the right sector, affects only the chirality of the space-time spinors emerging from 
the right sector. The mentioned consistency can be appreciated if one considers that 
the Type IIA theory contains in its spectrum only Dp-branes with p even, while the 
Type IIB theory contains only Dp-branes with p odd 5 , so that a T-duality, changing 
the dimensionality of a p-brane, maps branes with p odd in branes with p even and 
vice versa. 

The last ingredient that we want to introduce in theories with compact dimen¬ 
sions is the possibility to break the Chan-Paton group while preserving its rank, 
introducing Wilson lines m on the boundary. For simplicity, let us consider again 
the bosonic string with A 25 compactified on a circle, and let us turn on a Wilson 
line via the minimal coupling 

S = ~ f drda(X 2 - X' 2 ) -q [ dr A 25 A 25 , (1.127) 

2 J J cr=0 

where A 25 is a constant abelian gauge field. Thus, the mechanical momentum un¬ 
dergoes a shift 

X 25 = p 25 + qA 25 = >n a , where a = qRA 25 = constant . (1.128) 

In a T-dual picture, where momenta become windings, the shift becomes a dis¬ 
placement of the branes where open strings are attached. The result is the same, 
a breaking of the gauge group, but the T-dual picture gives a more conventional 
interpretation of this phenomenon. A displacement of branes induces a stretching 

5 In general a p-brane couples to a RR-(p + l)-form and its magnetic dual in D dimensions is a 
(D — p — 4)-brane. So, for example, the Type IIB theory that has in the RR sector a scalar a 2-form 
and a self-dual 4-form contains p = (—1,1, 3)-branes together with their dual p = (5, 7)-branes. 
The 3-brane is self-dual. Moreover there are 9-branes, but they couple to a 10-form that has no 
dynamics. After the orientifold projection, only p = (1, 5, 9)-branes survive fjj]. 
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of the strings terminating on them, and consequently some of their massless states 
become massive ;5j. 

More in detail, let us consider a stack of N branes orthogonal to the compact 
direction, placed at positions given by 0 < a* < 1, where i = 1,... N. The internal 
coordinate of an open string whose ends are attached to different D-branes is 

X T = 2irR T ai + 2 R T (aj — cn + n)a + oscillators (1.129) 

and satisfies the following boundary conditions 

X T (0) = 2nR T ai , 

X T (n) = 2irR T aj + 2 ttR t ti . (1.130) 

The spectrum is given (in the bosonic case) by 

m 2 = —(N b - 1) + (aj -ai + n ) 2 -^- . (1.131) 

a' R- 

Hence, for Nb = 1 and n = 0 massless states are present only if i = j. Such states 
are scalars at 2 Wi,i) and U( 1) vectors ck^_ 1 | i,i). One can see that for each brane there 
is a gauge group U (1) corresponding to an open string whose ends are both attached 
to the same brane. 

Now let us consider an oriented open string. If r of the branes are coincident, 
there are r 2 massless vectors (plus the same number of scalars) given by a!_ 1 | i,j) 
for i,j E 1,... r. These states correspond to the open strings terminating with 
both the ends on one of the r coincident branes. In this case the gauge group is 
U(r) x U(l) N ~ r . In the case of an unoriented open string, one has to consider the 
action of the orientifold projection on X T 

n : X T = (X L - X R ) - (X R -X L ) = —X T . (1.132) 

Thus, acts on X T like a Z 2 orbifold and the circle is mapped from the projection 
in a segment whose extrema X T = 0, nR T are the fixed points of the involution 
and correspond to the O-planes. Now, only half of the N branes are in the interval 
between the two O-planes, while the others are their images. If the branes are all 
separated, the gauge group is U(1) N ^ 2 . A stack of r coincident branes gives a factor 
U(r) but here there is a new possibility: r branes can coincide with an orientifold 
plane and so also with their images. The result is a factor SO (2r) (or a symplectic 
group) to the gauge group. The maximal gauge group is recovered if all the branes 
are coincident with one of the two O-planes and in this case it is SO(N). As we 
said, what is preserved in the breaking of gauge group through a displacement of 
branes is its rank. 
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At this point we have all the elements to write the partition functions for the 
Type I superstring compactified on a circle. We begin as usual with the torus 
partition function 


T=|V8-5 8 | 2 ^. 


<'4/4 =o/^/4 


V(r)v( t) 


(1.133) 


where the modular invariant factor 1 /(t 2 ^(jyiy) 7 ) and the integral with the mod¬ 
ular invariant measure d 2 r/r| are left implicit. 

The Klein-bottle amplitude propagates only the left-right symmetric states, that 
are the states with vanishing windings (for which pl = Pr) 


i t e -2nT 2 \ a ' m2 ! 2R2 

c = -(e 8 -5 8 )(2 8 T 2 )X; i v(L ) —' (L134) 


The transverse channel amplitude is obtained expressing the Klein-bottle in terms 
of the doubly covering torus modulus t = 2 t 2 , then performing an S'-modular trans¬ 
formation, and finally a Poisson resummation 


K, 



( -2ni\( 2nR f / Aa ' 


(1.135) 


where the powers of 2 can be recovered considering the total power of 72 . We would 
like to notice the overall factor of R/yfc7, that takes into account the volume of 
the compact dimension. Moreover, we see that in the transverse channel momenta 
are turned into windings. In order to compare this expression with the one for the 
transverse annulus, we have normalized the windings with the factor 1 /4cd. so that 
it is manifest that only even windings contribute. 

Actually, there is another way to project consistently the torus amplitude in the 
Klein-bottle amplitude, giving to II an eigenvalue +1 or —1 respectively for the even 
or odd momenta 

( ~2irT 2 \ a ' m2 / 2R2 

V = -(v s - s 8 )( 2 ,t 2) E(-r l , ( L 2 ) • < L136 > 


The phase (—) m after the Poisson resummation gives a shift to the windings in the 
transverse channel 


KJ 


2 5 R 


5= -s s mYl 

'a! 


^— 2 tt £^ (2n+ 1 ) 2 it 2 /4« / 
T](i£) 


(1.137) 


These amplitude does not describe the propagation of massless states because in the 
sum there is no a term starting with q°. Therefore, there is not a RR-tadpole and it 
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is not necessary to introduce the open strings. This model contains only unoriented 
closed strings. 

Coming back to the first projection, one can write immediately the transverse 
annulus, that propagates only states that in the torus appear in the form x°X- Such 
states have pl = ~Pr , so that they correspond to states with vanishing momenta 


. „2n2 / a ~./ 



(1.138) 


The direct channel is easily obtained with an S-modular transformation and a Pois¬ 
son resummation 



Finally, we write the transverse Mobius amplitude 



(1.140) 


that can propagate only even windings, since it describes a tube that terminates 


at a boundary (that allows all windings) and at a crosscap (that allows only even 
ones), and the corresponding direct channel 



Both the tadpoles of NS-NS and of R-R are cancelled fixing the Chan-Paton group 
to be SO(32), that corresponds to absorb the charge of N = 32 D9-branes with an 
09 + -plane. 

Now, as we already said, it is possible to break the gauge group, introducing a 


Wilson line on the boundary m- The consequent shift of momenta translates in 
the transverse channel into different reflection coefficients for the different sectors 
labelled by windings 


O T~.0 I A / 



(1.142) 


Here IF is a diagonal constant matrix of the form 

lF = diag(e 2 ™ 1 ,e 2 ™ 2 , ... , e 27ria32 


' e 27riai ^2msL2 


(1.143) 


with 02 = — ai, 04 = — 03 , ... 032 = — 031 , 0 < |aj| < 1 , and its squared trace is 



(1.144) 
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The transverse Mobius amplitude is also modified 


M 


2 

2 



(t4-5 8 )(i£+i)2 

n 


trM^2n {e~ 2n ^ (2nR) 2 /4a' 

T){il + i) 


In the direct channel the a* are turned into shifts of the momenta 


A 

M 


\ (Vs - <S , 8 )(^t 2 ) Y 


^ e - 27rr 2 ^ a, ( m + a *+%') 2 / 2 - R2 


m,i,j 


{V s - Ss){\iT 2 + 5 ) 


r/(^r 2 ) 

( £ - 2 7 rr 2 ) (m+2ai) :2 /2R 2 

v{h iT 2 + 5 ) 


(1.145) 


(1.146) 


where we note that At propagates only the sectors with a t = cij , consistently with 
the lack of orientability of the Mobius strip. 

The gauge group 50(32) is recovered if a % = 0 for each i. If a* / 0 for each i 
and at / (ij for i / j, the massless states are the ones satisfying m + a* + a-j = 0 
that means m = 0 and a* = — a,j . Therefore, from the annulus one reads 16 massless 
vectors (the Mobius has no massless contribution) giving a gauge group 1/(1) 16 . This 
corresponds in the T-dual picture to separating all the branes. 

The case with aq ... a 2 M all different and non vanishing and all the others 
equal to zero gives a gauge group 50(32 — 2 M) x U(1) M , corresponding in the T- 
dual picture to M separated D8-branes (together with their images) and (32 — 2 M) 
D8-branes coincident with the O-plane at the origin of the compact dimension. 

A case of particular interest is a\ = 03 = ... a 2 M-i = A, a 2 = 04 = ... a 2 M = —A 
and a 2 M+i = • •. <232 = 0 . Letting N = 32 — 2 M, the partition functions read 


:^2) 2 {( 

m \ ' 


A = ( V s - S 8 )(^i 7 
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(1.147) 
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qo' (m—2A) 2 /2R 2 
f}{\iT 2 + \) 


(1.148) 


Here M and M are numerically equal but the notation is meant to stress that the 
two multiplicities refer to conjugate charges. In the massless sector we read N 2 /2 
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and MM states from the annulus amplitude, and —N/2 states from the Mobius, 
giving the adjoint representation of the gauge group SO(N ) x U(M). Then, from 
the transverse channel 

n—5 c> n n 2 R 2 /&ot' _ 

A = — (Fs - S % ){U) -y=Y - ,. e . (N + M e 2inAn + M e~ 2i * An Y , 

2 v a' yy vW 

2 E> „(2n_R) 2 /4o' 

M = -- (V 8 -Ss)(ii+l) q ... , ■ (N + Me^ An + M e ~^ An ), 

2 V« n ^(^+2) 

(1.149) 

we can extract the tadpole conditions, corresponding to fixing N = 32 — 2M. In the 
T-dual picture, the gauge group SO(N) x U(M) is understood to emerge from a 
stack of 32 — 2 M D8-branes on the top of the O-plane at the origin of the compact 
dimension and a stack of M branes at X T ~ ttR t A, where X T is the T-dual compact 
coordinate. 

If A = 1/2, the U(M) factor is enhanced to SO(2M). In fact, in this case, M 
and M have the same reflection coefficients in the transverse channel, so that the 
direct amplitudes have to depend only from their sum. In the T-dual picture this 
means that two stacks of branes coincide with the two O-planes placed at X T = 0 
and X T = 7 tR t . 

A d dimensional torus can be defined as the result of the involution T d = R rf /A, 
where A = (X)a=i n<1 ^a, ■ n °‘ £ is the torus lattice. One can also define a dual 
lattice A* = {^a=i m a&* a '■ m-a G Z}, where e a ■ e* b = 5 b a . We have to think of the 
windings w 1 in the lattice A and of the momenta pi in the dual lattice A*. Defining 
II l^r = Vo/pl^/ \/2, the Lorentzian lattice T^ = (H^IIr) has to be even and 
self-dual, in order to have respectively the invariance under a T and an S’-modular 
transformation. 

We would like to stress that, together with the internal metric Gjj, one can turn 
on an antisymmetric 2-tensor Bjj that modifies the definition of pl,r 

P y R = mj ±-^(Gu - Bu)n J . (1.150) 

a' 

The presence of such a tensor affects only the annulus and the Mobius, but in order 
to have consistency with the orientifold projection, one has to impose a quantization 
condition for it: 2 Bjj/a' G Z. The fact is that Bjj allows one to break the gauge 
group reducing the rank EQ1E21EIIIS3I, in contrast to the mechanism of displacement 
of branes we already saw. For example, in absence of Wilson lines, the gauge group 
50(32) of Type I superstring is reduced to 50(2 5-r / 2 ), if r is the rank of Bjj. 
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1.6 Orbifold compactification: T 4 /Z 2 orbifold 

1.6.1 Orbifolds in general and an example: SVZa 

Let us consider a manifold Xi on which a discrete symmetry group G acts. An 
orbifold m is the quotient space M./G obtained identifying points X of M. under 
the equivalence relation X ~ gX for all g £ G . The action of the group in general 
leaves a number of fixed points xq, such that xq = gx o for some g € G, in which 
the quotient space has conical singularities. In spite of them, the spectrum of the 
resulting string theory is well defined. Moreover it is always possible to remove such 
singularities “blowing up” some moduli, obtaining in such a way a smooth manifold. 

A very simple example is the case of A4 = S 1 and G = Z 2 M- The coordinate 
on the circle is X ~ X + 2itR, while the action of Z 2 is defined by the generator 
g : X —> —X. The orbifold S' 1 /Z 2 is a segment whose extrema X = 0, ixR are 
the fixed points of the involution. The issue is how to project the Hilbert space of a 
modular invariant theory in a subspace invariant under the group action, consistently 
with the interaction of states, and preserving modular invariance. Let Z 7 - be the 
partition function of a modular invariant theory, for example the torus amplitude of 
a given closed-string model. The projection is obtained inserting in the trace over 
the states the operator 

p = ttlE^ (l- 151 ) 

11 g&G 

where |G| is the number of elements in the group G. The new boundary conditions 
along the time direction of the torus, for a generic field X(z), are X(z + t ) = gX(z) 
for each g G G, where z is the analytic coordinate on the torus. If we denote with 
Ti g the torus partition function with g-twisted boundary condition along the time 
direction, the projected partition function is 

< L152 > 

1 1 g&c 

The resulting theory is clearly not modular invariant because, for example, an S- 
modular transformation interchanges the “horizontal” and the “vertical” sides of 
the torus, thus mapping T\ g in T g .\. In order to recover modular invariance, one 
has to add to the previous untwisted sector twisted sectors corresponding to twisted 
boundary conditions along the spatial direction, so that X(z + 1) = hX(z). The 
resulting modular invariant partition function of the orbifold TjG is then 

Z ?!G = E 7 ‘M • ( L153 ) 

h,g&G 

The Hilbert space decomposes into a set of twisted sectors labelled by h, and each 
twisted sector is projected onto G-invariant states. Actually, d applies to an 





1.6. Orbifold compactification: T 4 /Z 2 orbifold 


57 


abelian group G, for which the total number of sectors is equal to the number 
of elements in the group. For a non-abelian group, matters are a bit different. 
In fact, the gh and hg twisted boundary conditions, corresponding respectively to 
ghX(z) = X(z + t + 1) and hgX(z) = X(z + t + 1), are ambiguous unless gh = hg. 
Thus, for a non-abelian group G the summation in 0531) has to be restricted 
to those g,h G G such that gh = hg. In this way, also the number of sectors 
changes, and in particular it is equal to the number of conjugacy classes. This is 
because, given a certain twisted sector defined by hX(z) = X(z + 1 ), and acting 
on it with an operator g satisfying gh = hg , one obtains an equivalent sector, 
g~ 1 hgX(z) = X(z + 1), and the statement is proved since h and g~ 1 hg belong to 
the same conjugacy class. 

Let us begin to study the simplest orbifold, S 1 / Z 2 , beginning from a free boson 
X on a circle, whose partition function is 

Z = (, qq )~£ tr . (1.154) 


In order to build the untwisted sector of the orbifold, we have to introduce in the 
trace the projector operator P = (1 + g)/2, where g : X —> —X. This means that 
the operator g acts on a general state of momentum m and winding n as 


N 
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n a -ni n a ~nj i m ! n ) = (-)—n 


a_„, — 77i, — n) 


(1.155) 


i= 1 J 1 i= 1 1=1 

Therefore, after the action of g , only the states with m = n = 0 survive. Moreover, 
if we denote with N n the number of oscillators with frequency n, each factor q n 
acquires a sign, and the resulting trace becomes 

1 


tr (gNi+^ng) = J] E = II 


1 1 + q r 

n= 11^=0 n=1 ’ 

The partition function for the untwisted sector is then 


(1.156) 
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(1.158) 


In practice, we decomposed the Hilbert space into two subspaces with eigenvalues 
9 = ± 1 


P ± = {a_ ni 


. . . QL—m OL— 


ni^-ni + 1 


• a-n 2fc ( |m,n) ± I - m,-n) )} 
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T {oi— ni . . . QL— ni Q!— ni+1 . . . (y. — n2k+1 ( 1 777-, 77.) | TTl, Tl) ) j- , 

(1.159) 


and we projected away the g = — 1 eigenstates. 

Now, modular invariance is recovered adding the twisted sector. Z c i rc i e is already 
a modular invariant, while the term \g/‘& 2 \ under an S transformation gives 
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#2 




Then this term has to be Z 2 projected 


V 


g 

# 4 


$ 3 


(1.160) 


(1.161) 


and the partition function of the orbifold is finally given by 
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(z c ir C le{R) + 2 
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(1.162) 


that, using the identity i? 2 $ 3$4 = 2 g 3 , can also be written 

Zpiu = i (W*) + m + Mi! + Mil) . ( 1 . 163 ) 

' 2 \ gg gg gg J 

Modular invariance, that can be checked directly, can be justified because the four 
terms in Zgi /% 2 correspond to the bosonic determinant on the torus with all possible 
boundary conditions. In fact, if “+” and ” stand respectively for periodic and 

antiperiodic boundary conditions, Z s i/ Zz is the sum 7) ++ ) + 7)_,_) + 7)_^ +7)_), 

where 7) ++ ) = Z c i rc i e is the only possible structure for a boson before the orbifold 

projection. Now, under an 5-modular transformation <-» 7) ± _j_\, and Ty _) 

T (-+)’ while under a T-modular transformation T(±+) 7) ±+ \, and Ty _^ —> 7)_ y 

Let us stress that in the twisted sector the boson has an antiperiodic boundary 
condition along the spatial direction of the torus, now allowed thanks to the orbifold 
identification X r \j -X. 

The mode expansion of X in the twisted sector is 




y/2 a 7 

Xo + 
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nez+ 1/2 



g —2 in(r—cr) _|_ EE g —2m(T+aj 

n 


(1.164) 


where n is half-integer, and windings and momenta are forced to vanish by the 
antiperiodic boundary condition. Here the zero mode xq can be only one of the two 
fixed points xq = 0, ttR. The multiplicity of 2 in the twisted sector is just due to 
the fact that one has only two possible choices for the point, actually a fixed point, 
around which the filed X can be expanded, with a consequent doubling of twisted 
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sectors. Thus, in general, such a multiplicity is equal to the total number of fixed 
points. Moreover, expanding the twisted sector in powers of qq , we see that it starts 
with ( qq ) 1 ^ 48 , where 1/48 is just the shift to the vacuum energy introduced by an 
antiperiodic boson. Such a value can be recovered acting with the Z 2 -twist operator, 
that interchanges periodic and antiperiodic boundary conditions, whose conformal 
weight is h = 1/16, on the vacuum state of the untwisted sector, whose shift to the 
vacuum energy, due to the holomorphic part of a periodic boson, is —1/24. Thus, 
the vacuum of the twisted sector is lifted in energy with respect to the vacuum of 
the untwisted one. 


1.6.2 Orbifold T 4 /Z 2 

In this subsection we want to study an interesting example of orbifold compactifica¬ 
tion of the type IIB superstring theory and its orientifold. Let us thus consider the 
space-time Alio = Me x T 4 /Z 2 . 

The starting point is the torus partition function for T 4 compactification, 

T++ = |Vs - 5 8 | 2 S m)n (1.165) 


where the contribution of the four transverse bosons in Me is left implicit, and E m)n 
is the sum over the lattice of the internal manifold, whose metric is denoted by g 


LI m,n — /* ' 


^pjg 1 PL n s tPng 1 pr 


? 7 4 ? 7 4 


(1.166) 


It is convenient to decompose the characters of 50(8) in representations of 50(4) x 
50(4) where the first 50(4) is the light-cone of Me 


b 8 = V4O4 + O4V4 , o 8 =o 4 o 4 + V 4 V 4 , 

s 8 = C4C4 + S4S4 , C 8 = S4C4 + C4S4. (1.167) 

Moreover, we introduce the four combinations of characters 

Qo = V4O4 - O4O4 , Q v = O4F4 - 5 4 5 4 , 

Q s = 0 4 C 4 - S 4 0 ±, Q c = V4S4 - C 4 V 4 , (1.168) 

that are the eigenvectors of Z 2 . In fact, in order to have consistency between the 

action of Z 2 and world-sheet supersymmetry mm, the internal O4 and O4 have 

to be even under Z 2 , while the internal V 4 and S4 have to be odd. In this way, Q 0 
and Q s are the positive eigenvectors, while Q v and Q c are the negative ones. 

At this point we proceed with the orbifold projection, and to this end we recall 
that in the untwisted sector only the zero mode of the sum can be projected, while 




60 


Superstring theory 


all the contributions of all other states have to be simply halved. Thus we separate 
the contribution of the zero mode in the sum, denoting with S' the sum without the 
zero mode 


= S' 


1 

(w ) 4 ’ 


(1.169) 


Then, letting 


A ++ — Vs — Ss — Q 0 + Qv j A ++ — — , p ++ — A ++ A ++ , (1.170) 

v 

we can write T ++ as 

T++ = \P ++\ 2 + |A++| 2 S' , (1-171) 

where the projection involves only |/9 + _|_| 2 . 

Let us continue as we learnt from the previous subsection 


^2 • A_)— 1 _ — Qo -b Qv ^ A_)— — Q 0 Qv 

S . A_|— — Q o Qv * A—1_ — Q s T Q c 

TL -2 : A—= Q s + Q c —> A— = Q s — Q c , (1.172) 


with the action of the S-modular transformation on O 4 , V 4 , S 4 , C 4 defined by 

/ 1 1 1 1 \ 

1 1 - 1-1 
1 - 1-1 1 
1-1 1-1 


S = 


1 


V 


(1.173) 


) 


On the other hand, we already know that 

1 


^2 : A ++ — 

7 ) 

S : A+_ - 
Z 2 4A_ 


2 T] 


4A_ + = 4 
► 4A_= 4 


= A+_ 

2 


(1.174) 


Therefore, defining in analogy to p ++ also p 4 _= A_|_A_|_, p _|_ = A_|_A_[_ and 

p _= A_A_, the torus partition function can be written 

1 16 
T = 7; (Ip++| 2 + \P+-\ 2 + |A++| 2 S' mj „) + — (|p_ + | 2 |p—| 2 ) , ( 1 . 175 ) 


or better in the form 
1 


T = 


^m,n~^~\Qo Qv 


2p 


+ 16|Qs + Q c 


v_ 


+ 16|Q S — Q c 


V 

4 

$3 



(1.176) 
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where the factor 16 = 2 4 in front of the twisted sector takes into account the total 
number of fixed points for T 4 /Z 2 . 

In order to read the massless spectrum, it is convenient to introduce the following 
characters 


X++ 


X+- 


X-+ 


X— 


P++ + p+- 
2 

P++ ~P+- 
2 

P-+ + P— 
2 

P-+ + P— 
2 


Qo 

Qo 

Qs 

Q s 


A++ + A+- 
2 

A++ - A + _ 
2 

A—f + A— 
2 

A_ + - A_ 

2 


+ Qv 
+ Qv 

+ Q c 

+ Qc 


A++ - A + _ 
2 

A++ + A + _ 
2 

A_- A_ 

2 

A_ + + A— 

2 


(1.177) 


in terms of which the torus amplitude becomes 

T = 2 l^++| 2 ^m,n + lx ++| 2 + Ixh— | 2 + 16|x_ + | 2 + 16|x—| 2 . (1.178) 

The sum n gives an infinite tower of massive states. Then, let us recall that the 
conformal weight of S/n and C^n for a generic n is h = n/ 8 , so that for n = 2 the 
weight of the two Weyl spinors is h = 1/4. Moreover, the weights of V 4 and O 4 
are respectively h = 1/2 and h = 0. The last ingredient needed for studying the 
massless spectrum is the lifting of the vacuum energy in the twisted sector. The 
NS vacuum state in the untwisted sector has squared mass proportional to —1/2, as 
usual. Then one has to lift such a value by a quantity equal to 1/4 to obtain a shift 
to the vacuum energy in the twisted sector equal to —1/2 + 1/4 = —1/4. This is 
because in general the vacuum of the k th twisted sector for a Z^r orbifold is shifted 
of the quantity k/N — ( k/N ) 2 . 

After the previous discussion, is now easy to understand what are the massless 
contributions of the characters x- For example, x++ Fas the first addend that starts 
with q h Qo~ 1 / 2 = where h,Q 0 = 1/2 and —1/2 is the shift to the vacuum energy 
in the untwisted sector. Therefore, this term is massless. On the other hand, the 

second addend of X++ is massive because in the difference A ++ — A_|_the power 

q~ 1 / 2 cancels. Thus, at the massless level x++ gives V 4 — 2 C 4 , where the multiplicity 

2 is provided by the internal C 4 . The same argument can be applied to X-\ _> that at 

the massless level gives 4 O 4 — 2 S 4 where here the factor 4 is given by the internal V 4 . 
In the twisted sector the shift of the vacuum energy is —1/4, so that only the first 

addend of x _h starting with g^Qs -1 / 4 , Hq s = 1/4, contains a massless contribution, 

that is 204 — £ 4 , while the character x _has only massive contributions. 

At this point we can write the massless spectrum. We collect it in the table 
o where, anticipating the Klein-bottle projection, we prefer to indicate also which 
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m 2 = 0 

NS-NS 

R-R 

R-NS + NS-R 

lx ++ l 2 

4> ( s ) 

= B+ v + B^ (a) 

3 B+ u , (3 (s) 
B+,, 3/3 (a) 

2^, 2^ r 

Ixh— 2 

10 </> (s) 

6 <j> (a) 

3 B ~ u , (3 (s) 
B^, 3/3 (a) 

8 i’R 

16 |X—hi 2 

16 x 3 0 (s) 

I 61 j> (a) 

l SB~ v (s) 

16/3 (a) 

32 ijj R 


Table 1.1: Massless spectrum for the oriented closed sector. Here (s) and (a) in¬ 
dicate respectively states that are symmetric or antisymmetric with respect to the 
interchange of left and right modes. (3 stands for a scalar in the RR sector. 


states are symmetric and which are antisymmetric under the interchange of left and 
right modes. The resulting massless oriented closed states organize themselves in 
multiplets of A f = (2,0) in D = 6 and are: 1 gravitational multiplet, that contains 
the graviton, five self-dual 2 -forms and two left-handed gravitinos, and 21 tensor 
multiplets, 16 of which from the twisted sectors, each containing an antiself-dual 
2-form, five scalars and two right-handed spinors. This is the unique anomaly-free 
spectrum in D = 6 with this supersymmetry. We stress that here the orbifold 
compactification broke half of the supersymmetries. In fact, the simple toroidal 
compactification from J\f = (2,0) in D = 10 to D = 6 would give A f = (4,0), while 
here we have A f = (2,0) in D = 6 . This can be understood thinking that the orbifold 
T 4 /Z 2 is the singular limit of a smooth manifold K3 with holonomy group SU(2), so 
that only half of the supersymmetries are preserved after the compactification EH- 
The Klein-bottle projection is simple to write starting from (11 .1 7811 

= ^(Qo + Qv)(Pm + W' n ) + - [x++ + x + _ + 16(x-+ + X—)] j (1.179) 
where P m and W n are sums respectively over momenta and windings 


p m(q) = 


a' t — 1 
q^m g L m 

r](qY 


W n (q) = £ 


q2tj nT 9 n 

77 (g ) 4 


m 


n 


(1.180) 
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while the corresponding “primed” sums are defined removing the lattice zero mode 
from them. In the Klein-bottle amplitude now not only momenta, but also windings 
can flow. The reason is that on an orbifold X is identified with —X, so that pl,r ~ 
— pl,r■ This means that the states with pl = — pr, corresponding to winding states, 
survive to the orientifold projection and propagate on the Klein-bottle. At this point, 
recalling that X++ + X+- = ( Qo + Qv)/r] 4 , and that X-+ + X— = (Q s + Qc)(v/$4) 2 , 
we can write 


K, 


(Qo + Qv) ( Pm + 1 V n ) + 2 X 16 ( Qs + Qc ) 



(1.181) 


where the factor 16 reflects the fact that all 16 twisted sectors are projected in the 
same way. 

The massless spectrum is simply obtained from the one of the torus projecting 
away the left-right antisymmetric states in the NS-NS sector, and the left-right 
symmetric states in the R-R, while the mixed NS-R sectors have to be halved. The 
resulting massless states accommodate in multiplets of A f = ( 1 , 0 ) in D = 6 , and 
precisely give one gravitational multiplet, containing the graviton a self-dual 2 -form 
and a left-handed gravitino, one tensor multiplet, containing an antiself-dual 2 -form 
a scalar and a right-handed spinor, 20 hyper multiplets, of which 16 from the twisted 
sector, each of which containing four scalars and a right-handed spinor. 

The transverse channel for the Klein-bottle amplitude is 


ic 


2 5 

T 


(Qo + Qv) (Wi e) + + 2 (Qo 



(1.182) 


where V 4 = \J det g/ (cd ) 4 is proportional to the internal volume, and the sums are 
restricted over the even windings and momenta. 

We want to underline that, despite we use the same notations for the sums in 
the direct and transverse channels, the sums in the transverse channel are defined 
in a slightly different way 


Pm = J2 


a. T — 1 

m 


p(it) A 




1 T 

an 

p(i £) 4 


with q = e 2?r ^. 

At the massless level the transverse Klein-bottle amplitude is 


2 5 

/C 0 = T 


+Qv {^ 


(1.183) 


(1.184) 


from which one can extract the content of O-planes, whose tension and R-R charge 
can be read from Q 0 = V 4 O 4 — C 4 C 4 . The term proportional to V 4 corresponds to 




64 


Superstring theory 


the propagation of states between the usual 09-planes. Now, four T-dualities along 
the internal directions map 09-planes into 05-planes and v A in l/iq. Thus the term 
proportional to the inverse of the volume corresponds to the propagation between 
05-05. Finally there is a term proportional to 2yTi x l/yTq corresponding to 
the exchange between 05-09 and 09-05. The presence of both 05 and 09-planes 
requires the simultaneous presence of D5 and D9-branes in order to saturate their 
tensions and charges. 

Before continuing with the open sector, we want to mention that there are other 
consistent Klein-bottle projections. For example, one can project even and odd 
windings and momenta, along one or more internal dimensions, in different ways. 
Moreover, one can symmetrize half of the 16 identical contributions in the twisted 
sector and antisymmetrize the other part 



Such a projection does not require the introduction of open strings, because there 
are no tadpoles to cancel. In fact, the signs shift windings and momenta in the 
transverse channel, and so the corresponding /C starts with massive states. 

Actually, there is a third consistent projection that differs from the first one for 
a sign in front of the twisted sector. The corresponding orientifold breaks super- 
symmetry in the open sector, and so we will discuss it in the next chapter. 

At this point we proceed with the orientifold construction, writing the annulus 
amplitude. From K ,0 it is clear that the transverse annulus, at the massless level, 
must contain the following untwisted contribution, 

Mg ^ = —— Q 0 (^N\/v4 + M — ’ (1.186) 

where N and D count the multiplicities of the open string extrema respectively with 
Neumann and Dirichlet boundary conditions. One can then complete the lattice 
sums 

A {u > = ^- r (Q 0 + Q v ) [n 2 v a W u + D 2 P m ^j + 2ND(Q 0 - Q v ) (^j , 

(1.187) 

and perform an S'-modular transformation, to obtain 

(Qo + Qv) {N 2 P m + D 2 W n ) + 2ND (Q s + Q c ) ■ (1-188) 



S : M W 
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Finally, one has to project this quantity under Z 2 , taking into account that the 
orbifold involution acts also on the Chan-Paton charges, thus projecting N in Rn 
and D in Rn 125!. Therefore, the complete expression for the annulus amplitude 
reads 


= 4 


(Qo + Qv) (N 2 P m + D 2 W n ) + [R% + R%) (Qo — Qv ) ( ^- 


+2 ND ( Q s + Q c 


while in the transverse channel 


^4 


A - 2 - 
A 4 


+ 2 RnRd (Qs — Qc) 


D 


(1.189) 


(Qo + Qv) ( N*v 4 W n + — p m) + 2ND (Q 0 - Q v ) 


+ 16 (R% + R 2 £)) (Qs + Qc) — 2 X ARnRd (Qs — Q c ) ^ 


(1.190) 


Let us stress that the twisted sector corresponds to mixed Neumann-Dirichlet bound¬ 
ary conditions. From the massless level of A 


i-5 


D Y 


Aq — —— S Qo ( N y/v<i H —— ) + Q v I N y/ui - -= I 


y/vlj 


D Y 


\At7 


+ Qs 


15 Ftjy + ( Rn — 4 Rd) 


+ Qc 


15 Rj^ + (Rn + 4 Rd) / 1 (1.191) 


one can distinguish clearly the contributions of open strings with Neumann-Neumann, 
Neumann-Dirichlet and Dirichlet-Dirichlet boundary conditions, corresponding re¬ 
spectively to D9-D9, D9-D5 and D5-D9, D5-D5 brane configurations. The particular 
form of the coefficients in front of Q s and Q c takes into account the fact that all 
D5-branes are at the same fixed point. The factor 15 in front of R 2 N counts the 
number of free fixed points, while the factor 1 in front of (Rn ± 4 Rd ) 2 counts the 
number of fixed points coincident with some of the D5-branes. 

The orientifold projection is then completed if one writes the Mobius amplitude. 
First of all, starting from Ao and /Co we can write the massless part of the transverse 
Mobius amplitude 


Mn = — 


4 

+Q 


Qo ( y/v 4 + 


y/vl 


IV-y/iq + 


D 

y/Pl 


y/vl~ 


y/V4 


Ny/vl - 


D 

y/vi 


(1.192) 
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where we chose the same minus sign for both Q 0 and Q v , in order to cancel all R-R 
tadpoles. 

We note that, since in only the untwisted sector flows 1C, the complete expression 
for M is simply obtained introducing in Mq the lattice sums, 


M 


p( e ) 

r m 


0 Qo + Qv) Nv 4 wW + D — + (N + D) (Q 


v 4 



(1.193) 

Finally, we can write the direct channel acting with a P transformation on M. The 
action of P on the 50(4) characters O 4 , V 4 , 54 , O 4 is given by the 4x4 block- 
diagonal matrix P = diag(ai, 04 ). The net result is the interchange of Q v with Q 0 
and of Q s with Q c . Moreover, under P the factors remain unchanged, while 
A_[_ is interchanged with iA _, so that the direct channel for the Mobius strip is 


M 


(Qo + Qv) (■ NP m + DW n ) -(N + D) (Qo 



(1.194) 


The tadpole cancellation conditions can be read from the expressions for Mo, 
/Co, Mo- First of all, since the terms with the projected Chan-Paton multiplicities 
appear only in Mo, in order to cancel their tadpoles, one has to impose 


R n = R d = 0 . (1.195) 

On the other hand, the tadpole cancellations of Q 0 and Q v require 

( WV5I± °^) =3 2 (WT±-T=) , (1.196) 

that is solved separately for s /v 4 and 1 / y/vl giving 

N = 32 , D = 32 . (1.197) 

Concerning the open spectrum, it is clear that at the massless level Qo, that contains 
the vector, flows only in the annulus amplitude and not in the Mobius one. This 
means that the gauge group is unitary and that the Chan-Paton charges at the ends 
of the string have to be complex conjugate. Therefore, we can parameterize the 
Chan-Paton multiplicities with 


N = n + n , n = n = 16 , 

D = d + d, d = d= 16, (1.198) 

and, consistently with the conditions Rn = Rd = 0 , 

Rn = i(n — h) , Rd = i(d — d) . 


(1.199) 
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With the given parametrization, at the massless level the open amplitudes are 

vdo = (titi dd)Qo -t - 9(77- T 7 z -}- d -)- d 'jQv T {rid T ad^Qs 
Ad 0 = —tl -\- d -\~ d)Q v , (1.200) 

from which one can read the anomaly-free spectrum (66l I67j : Q 0 gives a gauge 
multiplet of Af = (1, 0), containing a vector and a left-handed spinor in the adjoint 
representation of TJ(16)d$ x U(16)d5, Qv gives hyper multiplets in the ((16 x 16) a , 1) 
and (1, (16 x 16) a ), together with their complex conjugate representations. Finally 
Q s describes only one half of a hyper multiplet, but in the (16,16) together with its 
conjugate (16,16). Thus, in the end, these two representations give a single complete 
hyper multiplet. 





Chapter 2 


Supersymmetry breaking 


2.1 The OA and OB models 

In this section we will discuss other ten-dimensional models that are not supersym¬ 
metric m and have a tachyon instability but whose open descendants can be free 
of it. Starting from the general form of the torus partition function (H~7!T1) , one can 
construct (apart from the Type IIA and IIB torus partition functions) the modular 
invariants [§HJ 

To A = |0 8 | 2 + | Vs| 2 + SsCs + CgSs , 

Tob = | 0 8 | 2 + T 8 | 2 + | 5 8 | 2 + |C 8 | 2 , ( 2 . 1 ) 

where the contribution of the 8 transverse bosons and the integral over the modulus 
of the torus with its integration measure are left implicit. These two models do not 
contain mixed sectors, so that they have no fermions in their spectra. Both of them 
have a tachyon, a graviton, an antisymmetric 2-form and a scalar in the NS-NS 

sector. In the R-R sector the Type OA theory contains a pair of abelian vectors and 

a pair of 3-forms, while the Type OB theory has two scalars, a pair of 2-forms and 
a 4-form. These spectra are not chiral and are thus free of anomalies. 

Now we start with the orientifold projection m for the Type OA theory. First of 
all we have to write the Klein-bottle, that propagates only the left-right symmetric 
sectors 

IC = ^(0 8 + Vs). (2.2) 

The Klein-bottle projects away the 2-form from the NS-NS sector, while halving the 
R-R ones to leave only one vector and one 3-form. After an S transformation, that 
leaves 0 8 + V 8 unchanged, one gets 

ic = y (o 8 + K 8 ). 


(2.3) 
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Since all the so(8) characters are self-conjugate, only Os and Vs, that enter diagonally 
in the torus partition function, propagate in the transverse annulus. We write them 
with two independent reflection coefficients 

2 ~ 5 

A = —[(n b + n f ) 2 V 8 + (n b -n f ) 2 Os] , (2.4) 

and an S'-modular transformation gives the direct channel amplitude 

A = ^ n2 f)iQs+ Vs) — 2n b nf{Ss-\-Cs)\ • (2-5) 


Finally, we can write the transverse Mobius amplitude that is the square root of the 
product of JC and A times a combinatoric factor 2 


M 



(n b + n f )\s + ( n b 



( 2 . 6 ) 


The sign e could be determined imposing the NS-NS tadpole condition. Let us notice 
that a relative sign between Vs and Os can be reabsorbed simply interchanging the 
roles of n b and nj. A R-modular transformation together with a rescaling of the 
modulus gives 


M 



( n b + n f )\s 


{n b -n f )Os , 


(2.7) 


that is consistent with the projection of the annulus whose R-R sector can not be 
projected. Since there are no R-R states flowing in the transverse channel, one 
can choose whether or not imposing the NS-NS tadpole condition. In the first case 
the sign in the Mobius amplitude is e = — 1 and n b + nj = 32. The gauge group is 
SO(n b ) x SO(rif) and the open spectrum contains a vector in the adjoint, a Majorana 
fermion S% + Cs in the bi-fundamental ( n b ,n,f ), and tachyons in the ( n A r ‘ b ; i) anc [ 
in the (1, f 2 f ). Otherwise, relaxing the tadpole condition means choosing e = +1, 
and this gives a gauge group USp(n b ) x USp(rif). 

The case of Type OB string is particularly interesting, because it actually allows 
three different orientifold constructions m, a freedom suggested by the results in 
[in cm esi- There are indeed three different Klein-bottle projections compatible 
with the fusion-rules 


/Ci = \(Os + V 8 -Ss-C s ) , 
fc-2 = — (Os + Vs + Ss + Cs) , 

/c 3 = ^(—Os + ^s + Ss —Cs) . (2.8) 


We recall that the proper so(8) characters are Vs, Os, —Ss, —Cs, and that Vs is 
the identity of the algebra, so that each character fusing with itself gives Vs, while 
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—Ss and — Cg fuse together in Og. The first Klein-bottle projection symmetrizes 
all the characters, and the resulting massless spectrum thus contains a tachyon, the 
graviton and the dilaton in the NS-NS sector, and a pair of 2-forms in the R-R 
sector. This projection was introduced in 

The second projection symmetrizes the NS-NS sector, giving the same spectrum 
as the previous case, and antisymmetrizes the R-R sector, giving a complex scalar 
and an unconstrained 4-form. 

The third projection, introduced in m projects away the tachyon, leaving the 
graviton and the dilaton in the NS-NS sector, an R-R scalar, an R-R self-dual 4-form 
from the antisymmetrization of | — 5*81 2 and an R-R 2-form from the symmetrization 
of | — Os| 2 • Due to the different projections of —Ss and — Cs, the resulting closed 
spectrum is clearly chiral. 

After a rescaling of the modulus and an S-modular transformation, the three 
transverse channel amplitudes are 

_ 96 96 _ 96 

£1 = yDg , it 2 = —Os , its = y(—Cs) ■ ( 2 -9) 

We now add the open sector. In the first case, all characters can flow in the 
transverse annulus, since the matrix X in the torus coincides with the conjugation 
matrix C. Each of them can have an independent reflection coefficient, that we 
parameterize in the following way 

2 -6 

Ai = — \(n 0 + n v + n s + n c ) 2 V 8 + (n 0 + n v - n s - n c ) 2 0 8 

( u. 0 T n v -{- n s n c )^ S 8 ( ti q T ti v ti s T n c ) CgJ 5 (2.10) 

and in the direct channel the annulus amplitude then reads 

A\ = \ [(n 2 0 + nl + n 2 s + n 2 c )V s + 2 [n 0 n v + n s n c )Os 

-2(n v n s + n 0 n c )Ss-2(n v n c + n 0 n s )Cs] . (2.11) 

This is the Cardy case p3]- As X = C, all the closed sectors can reflect on a hole, 
and thus there are as many independent boundary conditions, or different reflection 
coefficients, as bulk sectors. Therefore, the matrix giving the fusion rules A f-j, that 
counts how many times a component of the k -th conformal family is contained in the 
fusion of the i-th and j-th families, has just the right structure to give the content 
of the k- th state with boundary conditions labelled by i and j. The Cardy ansatz 
m leads in general to 

A = 

i,3,k 


( 2 . 12 ) 
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where the fusion coefficients are related to the S matrix through the Verlinde formula 

Sj Si St* 


jv«* = £ 


i j l 


s 


(2.13) 

l 

For example, each character fusing with itself gives Vs, and thus in (12.11 1) Vs is 
multiplied by n 2 + n 2 + n 2 + n 2 . 0 8 is obtained from the fusion of itself with Vs, 
giving the term n 0 n v Os and from the fusion of — S 8 with — C 8 , giving the term 
n s n c Os, and so on. 

Finally, from K\ and A\ one can write the transverse Mobius amplitude 


M\ = --{n 0 + n v + n s + n c )Vs , 


(2.14) 


and the corresponding direct-channel amplitude 


Mi = --(n 0 + n v + n s + n c )V 8 , 


(2.15) 


that is compatible with the projection of CT1 . In fact, as usual the states with 
different charges in the direct annulus can not flow in the Mobius strip. The sign 
of the Mobius amplitude is chosen to impose the NS-NS tadpole condition, but it 
could also be reversed. Retaining NS-NS tadpoles, the tadpole conditions for the 
three sectors containing massless modes are 


n Q + n v + n s + n c = 64, 

n 0 — n v — n s + n c = 0 , 

n 0 — n v + n s — n c = 0, (2.16) 

giving no = n v and n s = n c and gauge group SO(n 0 ) x SO(n v ) x SO(n s ) x SO(n c ) . 
The low-energy open spectrum has gauge vectors in the adjoint, tachyons in dif¬ 
ferent bi-fundamental representations (n 0 ,n v , 1,1) , (1,1, n s , n c ), left fermions in 
( 1 , n v ,n s , 1 ) and in (n D , 1 , 1 , n c ) , and right fermions in ( 1 , n v , 1 , n c ) and (n Q , 1 , n s , 1 ) . 
The spectrum is chiral due to the different gauge representation of the left and right 
fermions, but the RR tadpole conditions eliminate all gauge anomalies. 

The second choice of Klein-bottle projection is compatible with the following 
open sector 


A .2 = \[{n 2 0 + n 2 v + n 2 s +n 2 c )Os + 2{n 0 n v + n s n c )Vs 

2{ji v Tis T iT'oTic)Cs 2{n v n c -{- n 0 Ti s ^Ss\ , (2.17) 

M 2 = T^(n 0 + n v -n s ~ n c )0 8 , 


and 


(2.18) 
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that in the transverse channel leads to 
2 ~ 6 

A 2 = — \{n 0 + n v + n s + n c ) 2 Vg + (n Q + n v - n s - n c ) 2 Og 

+(n 0 Tiv T ri s u c ) Cg -j- ( n Q n v n s -1- n c ) SgJ (2.19) 


and 



( 2 . 20 ) 


First of all, we would like to stress that the annulus here can be simply obtained 
from the previous one fusing the characters flowing in A± with Og, that corresponds 


to using the Cardy ansatz with S[ replaced by S l 2 in (12T31) . Moreover, the sign of 


the Mobius strip remains undetermined because no tadpole condition involves that 
amplitude. 

Since the vector does not flow in the Mobius amplitude, this means that the 
gauge group is unitary. In terms of rib = n Q , hb = n v , rif = n s and hf = n c , 
the R-R tadpole conditions, that one can read only from A 2 , give rib = hb and 
n f = Notice that in the transverse annulus the characters —Sg and — Cg appear 
with a negative (unphysical) reflection coefficient, but the previous conditions cancel 
their contributions. The gauge group is U(rib) x U(rif) but its total dimension 
remains undetermined. The low-energy spectrum contains vectors in the adjoint, left 
Majorana-Weyl fermions in the (1, hb, 1 ,hf) and in the (rib, 1 ,nj, 1), right Majorana- 
Weyl fermions in the (1 ,hb,rif, 1 ) and in the (rib, 1, 1 ,hf), and tachyons in different 
symmetric and antisymmetric representations. The open sector is chiral but free of 
anomalies. 

Finally, we discuss the third orientifold model commonly known as the 0 7 B model 
[731 EH [73], that is the most interesting one because there is a choice that makes 
also the open sector free of tachyons. As in the previous case, the annulus amplitude 
can be determined through the Cardy ansatz with S\ in (I2T3L that corresponds to 
fusing the characters of Mi with — Cg. The open amplitudes are 



( 2 . 21 ) 


whose transverse channel is 
2~ 6 

A 3 = —[(n 0 + n v + n s + n c ) 2 Vg-(n 0 + n v -n s -n c ) 2 Os 

(n Q T n c ) Cg T (rio ti v T n s u c ) SgJ , (2.22) 


and 


Mg = -(n Q - n v -n s + n c )Cg , 


(2.23) 
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Og 

Vg 

-5 8 

-C 8 


o 8 

Fs 

-s s 

-c 8 


+ 

+ 

+ 

+ 

D9W 

=F 

=F 

=F 

T 

09® 

+ 

+ 

— 

— 

D9 (1) 

=F 

=F 

± 

± 

09® 

— 

+ 

+ 

— 

D9® 

± 

=F 

T 

± 

09® 

- 

+ 

- 

+ 

D9 (2) 

± 

=F 

± 

T 

09® 


Table 2.1: D-branes and O-planes for the orientifolds of the OB model. 


that in the transverse channel reads 

2 

M 3 =-(n 0 -n v - n s + n c )Cg . (2.24) 

Also in this case the vector does not appear in the Mobius strip and therefore the 
gauge group is unitary. Letting n v = n , n s = h , n 0 = m and n c = m, the R-R Sg 
tadpole condition fixes m = fh and n = n while the R-R Cg tadpole condition fixes 
m — n = 32, giving the gauge group U(m ) x U (n) . The choice n = 0 eliminates also 
the tachyons from the open spectrum and gives the gauge group U( 32), but actually 
an 17(1) vector acquires mass as a consequence of anomalies reducing the effective 
gauge group to SU(32) mm- The massless open spectrum contains a vector in 
the adjoint and right fermions in the anc j j n ^l ie m(m-i) . 

It is possible to read from the transverse channels of the three projections the 
D-brane and O-plane content of the orientifolds of the OB model. Actually, since 
there are two different R-R charges, we have two types of D-branes and O-planes 
with the corresponding D-branes and O-planes that have the same tension but both 
the R-R charges reversed (see Tables 2.1). In particular one can see that /Ci contains 
the following combination of O-planes 09® © 09® © 09® © 09® , A 2 contains 
09® © 09^ © 09® © 09® , and finally A 3 gives 09^ © 09^ © 09© 09® , 
where the double choice of sign is due to the possibility of reversing the Mobius 
projection leaving the R-R tadpole conditions unchanged. Concerning the D-branes 
content, it is easy to read from A\ that no counts the number of D9®, n v the 
number of D9^\ n s the number of D9*- 2 ), and n c gives the number of D9®-branes. 

The second and third projections are instead more complicated, because their 
branes are actually complex superpositions of those of the previous model. For 
example in A 2 , in order to have positive coefficients in front of —Sg and — Cg, we 
have to absorb a minus sign in the squares of the charges. This is as though rib 
counted objects with charges (1,1, e - * 71 ’/ 2 , e~ m ^ 2 ) while rif corresponded to objects 
with charges (—1,1, e m / 2 , e~ zn ^ 2 ) , together with fib and h/ that have R-R complex 
conjugate charges. This is the case of the + sign determination in At 2 - These 
properties are recovered if one combines with complex coefficients n Q D9® and n v 
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D9W (n 0 = n v ) to give 

n 0 e 47r / 4 + n 1) e _ * ,r / 4 


rib = 


V2 


and n;, = 


n Q e J7r / 4 + n v e +m l A 


V2 


(2.25) 


/ q \ 

and n s D9^ 2 ^ with n c D9 ( n s = n c ) to give 

rif = - -= - and fif = 


n s e J7r / 4 + n c e J7r / 4 , _ n s e J7r / 4 + n c e +m / 4 


V2 


V2 


(2.26) 


In the same way it is possible to show that for the third model, with the Mobius 
sign of (I TM . the right combinations are 


n v e m / 4 + n c e * 7r / 4 

n = -—- and m = 


V2 


n 0 e 17r / 4 + n s e 17r / 4 

71 


(2.27) 


together with their conjugates. 


2.2 Scherk-Schwarz deformations 

In this section we want to implement in String Theory the Scherk-Schwarz mecha¬ 
nism mm, that provides a simple and interesting setting in which one can realize 
the breaking of supersymmetry M- While in Field Theory one has only the option 
shifting the Kaluza-Klein momenta, lifting in different ways the masses of bosonic 
and fermionic fields, in String Theory one has the further possibility of shifting wind¬ 
ings. A T-duality can turn winding shifts into momentum shifts, relating these two 
types of models (at least at the closed oriented sector), but the orientifold projection 
gives origin to very different features in the two cases. 

Shifting momenta, the supersymmetry is broken both in the closed and in the 
open sectors. We will refer to this model as “ Scherk-Schwarz supersymmetry break¬ 
ing" m- On the other hand, shifting windings corresponds in the T-dual picture to 
shifting momenta in the direction orthogonal to D8-branes (we are thinking about 
the Type I model with only a compact dimension). Hence, it should be intuitively 
clear that such a shift should not affect the low-energy excitations of the branes, and 
indeed in this case the bulk is non supersymmetric but the open sector, at least at 
the massless level, remains supersymmetric. Actually, the breaking of supersymme¬ 
try in the bulk sector and in the massive sector of the branes will cause the breaking 
of supersymmetry also in the massless open sector via radiative corrections. We will 
refer to this phenomenon as u brane supersymmetry ”, or also as ll M-theory breaking ”, 
since the winding shifts can be related via a T-duality to momentum shifts along 
the 11 th dimension of M-theory |?1. 
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2.2.1 Momentum shifts 


Let us consider the Type IIB string theory compactibed on a circle. The points on 
the circle are identibed according X ~ X + 2irRn. Let us now build a shift-orbifold, 
introducing an operator 5 whose action is 5 : X —*■ X + irR. The orbifold operation 
with respect to 5 identibes the points X ~ X + ttR. Thus, the shift-orbifold acts 
halving effectively the radius of the circle, a fact that has as a consequence the 
survival of only even momenta. Therefore, if we denote with A m+ajn+ b the lattice 
sum for the circle 

a! f (m+a) , ( n+b)R \ 2 a ' / (m+a) (n+b )^^ 2 

V n 4 \ R + S 7 ) R <*' ) 

A m+a,n +b = - , (2-28) 

V{q)r]{q) 

the untwisted sector of the shift-orbifold is simply given, leaving the summation 
symbol implicit, by (A mn + (—) m A m ,n) /2, and as usual one has to complete the 
modular-invariant partition function adding the twisted sector. The result is 

A m,n —> 7^ (A m,n + ( —)™A m ,n + A mn _|_l + ( — ) m A mn+ l^ . (2.29) 


This orbifold is really freely acting, since there are no bxed points, and the result 
TFM is equivalent to the lattice A 2r7ljn /2 (-R) = A mjn (f?/2), meaning that the action 
of a shift-orbifold amounts only to a rescaling of the radius, as anticipated. 

In order to have a non-trivial orbifold, we consider a new Z 2 orbifold whose 
involution is given by (—) F 5, where F = Fl + Fr counts space-time fermions. This 
new operator projects |Vg — S , 8| 2 A rriiri according to 


\V 8 -Ss\ 2 Am,n ^ (IVs - 5 8 | 2 A mjn + |Vs + A 8 | 2 (-) m A mirl ) , 
and then completing the modular-invariant, gives 


Trk 


2 1^8 - S 8 \ 2 A m , n + |F 8 + Ss\ 2 (-l) m A m , n 
+|O s - C 8 | 2 A mn+ 1 + \Os + C 8 | 2 (-l) m A mn+ 1 


that can be written in the more natural form 


(2.30) 


(2.31) 


Tkk = (F 8 F 8 + S , 8 5 8 )A 2m: „ + (0 8 0 8 + CgC 8 ) A 2mn+ i 

—(As S 8 + S’ 8 V 8 )A 2m+ i in — (0 8 (7 8 + CgOg)A 2m+ln+ i . (2.32) 

In the decompactibcation limit R —> oo momenta become a continuum, while wind¬ 
ings have to be set to zero, and the last expression reduces to the torus partition 
function of Type IIB string. On the other hand, from 0 8 0 8 A 2m n+1 / 2 we see that 
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for a special value of the radius a tachyon develops. In fact Og starts with h = —1/2 

g' f R \ 2 

while from the lattice at m = n = 0 we have a further power of q equal to q 4 1 ^ J . 

1 p2 

Thus, one has a tachyon for all values of the radius such that — ^ < 0, or 

R < 2\j2o!. In the following we will assume that the value of the radius lies in the 
region free of the tachyonic instability. 

Let us proceed with the orientifold construction. The Klein-bottle amplitude 
propagates only states with vanishing windings 

^KI( = 2(^8 — Ss) P : 2rn , (2.33) 

and the corresponding transverse-channel amplitude reads 

JCkk = ^v(V s - Sg) W n , (2.34) 

where v = R/yfoi! is proportional the volume of the internal manifold. On the other 
hand, the transverse annulus propagates only windings, giving an amplitude of the 
form 

2 -5 r 

Akk = — v | [(ni + n 2 + n 3 + n 4 ) 2 V 8 - (ni + n 2 - n 3 - n 4 ) 2 S' 8 ] W n 

+ [(?ri - ?r 2 + n 3 - n 4 ) 2 O s - (m - n 2 - n 3 + n 4 ) 2 C 8 ] W n+ i | , 

(2.35) 

where we have introduced a different reflection coefficient for each character. As 
usual, from the relative signs of the m, one can see that n i, n 2 on the one hand, 
and n 3 , n 4 on the other hand, count respectively the numbers of D9-branes and 
D9-branes. An S-modular transformation and a Poisson resummation turn Akk 
into the direct amplitude 

Akk = 2 + n 2 + n 3 + n 4 ) [bs P 2 m — S 8 P 2 m +i] + 

+(n 4 n 2 + n 3 n 4 ) [P 8 P 2m+i - 5 8 P 2m ] 

+(ni?r 3 + n 2 n 4 ) [O s P 2m - C 8 P 2m+i ] 

+(ni?r 4 + n 2 n 3 ) [0 8 P 2m+ i - C 8 P 2m ] . (2.36) 

Finally, the transverse Mobius amplitude is determined by the product of K ,kk and 
Akk, and 

M kk = - 1 - (m + n 2 + n 3 + n 4 ) Vg IT n - (n 4 + n 2 - n 3 - n 4 ) S 8 (~l) n W n , (2.37) 

where the signs (—) n for the windings multiplying 5 8 are chosen in order to have in 
the direct channel a term of type P 2 , n +i5 , 8 

Mkk = ~\{ji i + n 2 + n 3 + n 4 ) P 8 P 2m + -(n 4 + n 2 - n 3 - n 4 ) S 8 P 2m+i (2.38) 
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consistently with the projection of the annulus where only the first line can be 
projected, the other terms (mixed in charges) corresponding to non-diagonal contri¬ 
butions. The tadpole conditions are 

NS-NS: ni + U2 + n3 + tt-4 = 32 , 

R-R: ni + n2 — n3 — n4 = 32, (2.39) 

and are satisfied by the choice ri 2 = 714 = 0 and ni + 712 = 32, fixing the total number 
of the branes. 

The open spectrum does not contain the tachyon instability, because there are 
no anti-branes (in this case the NS-NS tadpole condition is enforced). For what 
concerns supersymmetry, it is broken in the closed sector because the mixed (NS- 
R) terms, from which one reads the mass of gravitino, are now multiplied by the 
lattice A 2 m+i,n> and so the momentum-shift lifts its mass. Supersymmetry is also 
broken in the open sector, where we have vectors in the adjoint representation of 
the gauge group SO(n\) x S'0(32 — ni), but chiral fermions in the bi-fundamental 
representation. 

The last point we want to stress here is the possibility to write the previous 
amplitudes in a nicer form that allows a direct comparison of the Scherk-Schwarz 
deformation in String Theory with the analogous mechanism in Field Theory, where 
after compactification one expects to have periodic bosons (integer momenta) and 
antiperiodic fermions (half-integer momenta). One can recover an amplitude with 
bosons and fermions with the right momenta simply rescaling the radius 

R —► R ss = , (2.40) 

and consequently windings and momenta 

Tfl 

rri —> — , n —»• 2n . (2-41) 

For example in this new basis the torus partition function reads 

Tss = (VsVs + S 8 Ss)A m} 2 n{Rss) + {OsOs + CsCs)A mt 2 n+l(Rss) (2.42) 

— (y$S$ + S 8 V 8 )A m+ i 2n (R S s) - ( 0 8 C 8 + C 8 0 8 )A m+ i i2n+1 (Rss) ■ 


2.2.2 Winding shifts 

The torus amplitude for the Type IIB superstring with winding shifts along the com¬ 
pact dimension is simply obtained from ( 1021 ) interchanging windings and momenta 

7\y = (Vs Vs + S 8 S 8 )A mt 2n + (O 8 0 8 + C 8 C 8 )A m+ i 2n 

— (V8<5 8 + S , 8 V' 8 )A mj 2n+i — (0 8 C 8 + C 8 0 8 )A m+ i 2n+l . 


(2.43) 
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Here the supersymmetric case is recovered for R —> 0, a limit for which momenta 
disappear and windings become a continuum. The model is stable and free of a 
closed tachyon for values of the radius such that R < \ 

The Klein-bottle amplitude can be read from those sectors of the torus with 
vanishing windings 

fcw = 2(^8 - Sg) P m + -(Os “ ^ 8 ) P m +1 • (2.44) 

In the transverse channel the amplitude is 

2 5 

/Cw = — 2u (H 8 W 4n — Sg W 4n+2 ) , (2-45) 

from which one can see that at the massless level there is a contribution only from 
the NS-NS sector thus meaning that the total R-R charge has to vanish. Therefore, 
the model contains 09-planes and 09-planes. 

The transverse annulus propagates only zero-momentum states. Now Vs and — Ss 
are accompanied by W 2n = W 4n + R' 4 n+ 2 , where the last splitting of the windings 
is necessary to compare Aw with K, w- One can then let the resulting four sectors 
flow in the transverse annulus with different reflection coefficients 

2 -5 r r 1 

Aw = — 2 v | (ni + n 2 + n 3 + n 4 ) 2 Vg - (ni + n 2 - n 3 - n 4 ) 2 Sg W 4n 

+ (ni - n 2 + n 3 - n 4 ) 2 R 8 - (ra 4 - n 2 - n 3 + n 4 ) 2 Sg W 4n+2 } • 

(2.46) 

As usual, ni and n 2 count the numbers of D9-branes while ng and n 4 count the 
number of D9-branes. 

Finally, the transverse amplitude for the Mobius strip is obtained from K,w and 
Aw in the usual way 

Mw = -2 v (n± + n 2 + n 3 + ra 4 ) Vg W 4n - (n 4 - n 2 - n 3 + n 4 ) Sg W 4n+2 , (2.47) 
and the tadpole conditions are 

NS-NS: n\ + n 2 + n 3 + n 4 = 32 , R-R: n\ + n 2 = n 3 + n 4 . (2.48) 

Moreover, in the limit R 0 (that is inside the stability region) there are additional 
tadpoles to be cancelled, due to the fact that in this limit W 4n+2 —> 1, 

NS-NS: n\ — n 2 T n 3 — tj 4 = 0, R-R: n\ — n 2 — n 3 + n 4 = 32 . (2.49) 

The solution to all four tadpole conditions is ri\ = n 4 = 16, n 2 = n 3 = 0, corre¬ 
sponding in a T-dual picture to 16 D8-branes on the top of an 08 + -plane placed at 
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the origin of the compact dimension, and 16 D8-branes on the top of an 08_|_-plane 
placed at nR T . 

The resulting gauge group is 50(16) x 50(16). In fact, the open amplitudes in 
the direct channel are 

«4w = -(n^ +nl) (V$ — 5s) (P m + P m +\) + n i ra 4 (Os - Cg) {P m+ i+ P m+ P) (2.50) 
and 

■M-w = ~ 7 r( n i + n 4) (Vs — 5 8 ) Pm + (Vg + 5 8 ) P m +k , (2-51) 

from which one can read that the massless spectrum contains a vector and a fermion, 
both in the adjoint representation of the gauge group. Thus, as anticipated, super- 
symmetry is preserved, at least at the massless level, on the branes, while supersym¬ 
metry is broken in the bulk due to the winding-shift that lifts the mass of gravitino. 
The radiative corrections can then break supersymmetry also in the open massless 
sector. 

Before closing this section, we write for completeness the torus partition function 
of this model in the Scherk-Schwarz basis 


7\v(5 SS ) = (Vs Vs + 5 8 5 8 )A 2m , n + (0 8 0 8 + CsCs)A.2m+l,n 

-(Vs5 8 + 5 8 F 8 )A 2m , n+ i - (O s C 8 + 0 8 0 8 )A 2m+ln+ i , (2.52) 

where i? ss = 2 R and we have rescaled windings and momenta following 


m 


2m , 



(2.53) 


2.3 Brane supersymmetry breaking 

In the previous chapter we studied orbifold compactifications, treating in particular 
the orbifold T 4 /Z 2 . The resulting six dimensional model, with the standard Klein- 
bottle projection we made, contains 09 and 05 planes together with D9 and D5 
branes, as required by the cancellation of the total R-R and NS-NS charges. The 
same Klein-bottle projection is consistent with 0-planes whose tension and charge 
are both reversed, requiring the presence of antibranes in order to cancel R-R tad¬ 
poles. In this case NS-NS tadpoles arise, and supersymmetry is broken in the open 
sector. The massless closed spectrum remains unchanged. 

But the Z 2 -orbifold allows another possibility. One can reverse the sign of the 
twisted sector in the Klein-bottle amplitude, changing in this way only the tension 
and the charge of the 05-plane. The corresponding D5-branes, necessary to neu¬ 
tralize its R-R charge, break in the open sector supersymmetry, that instead is still 
preserved by the D9-branes. This phenomenon is known as “brane supersymmetry 
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breaking” ehehi and, in contrast with the Scherk-Schwarz deformations of toroidal 
compactifications, for which the scale of supersymmetry breaking is given by the 
compactification radius, here supersymmetry is broken at the string scale. More 
precisely, in the low-energy supergravity, it is non-linearly realized m- 

Let us begin with the Klein-bottle amplitude. The first consideration in order is 
that the result of the interaction of two characters both in the untwisted sector or 
both in the twisted sector has to belong to the untwisted sector, while the interaction 
of a character in the twisted sector with a character in the untwisted one has to be 
in the twisted sector. This means that one has two possibilities for the Klein- 
bottle projection: the first is to symmetrize both the twisted and untwisted sectors, 
obtaining eq. (11.1811) . The second is to symmetrize the untwisted sector while 
antisymmetrizing the twisted one. Thus, the resulting Klein-bottle amplitude has 
only a different sign in the twisted sector with respect to the equation (11.1811) 


K 


(<Qo + Qv)(Pm + W n ) 


2 x 


16 (Q s + Qc ) 



(2.54) 


The unoriented closed spectrum, at the massless level, can be read from the table 
<HU), from which one has to take from the first two rows the same states we con¬ 
sidered in the supersymmetric T 4 /Z 2 orbifold, while the last row, corresponding to 
the twisted sector, the 16 NS-NS scalars, the 16 antiself dual R-R 2-forms, and the 
16 right-handed spinors. The massless spectrum is still organized in multiplets of 
M = (1, 0), and precisely contains the usual graviton multiplet, 17 tensor multiplets, 
16 of which from the twisted sector, and 4 hyper multiplets. 

The transverse channel is simply equal to the one in the supersymmetric case, 
but for a different sign in the S-transform of the direct twisted sector 


ic 


2 5 

T 


{Qo + Qz 


Vi W (e) + — p( e ) 
4 ^ n , m 

V4 


2 {Qo 



(2.55) 


From the amplitude at the origin of the lattice 

2 


2 5 

/C 0 = T 




1 


v^) +Qv ( v ^ + v^) 


(2.56) 


one can see clearly the relative sign between ^/vl and l/yTq in the squared coefficient 
multiplying Q 0 . Such a sign led to a negative mixed term, and thus it corresponds 
to a configuration with 09+ and 05- planes (or the T-dual configuration with 09- 
and 05-)_ planes). The presence of the 05- planes then requires the introduction 
in the model of D5-branes that absorb the R-R charge. There is a relative sign 
in the R-R charge of the D 9 branes and D5 branes, so that the only difference in 
the transverse annulus amplitude with respect to the supersymmetric case CTUUl) 
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is the sign of the R-R states in the mixed ND and RnRd sectors. Therefore, the 
transverse amplitude for the annulus is simply 


>—5 


A = 


(Qo + Qv) (^N 2 V A W n + ——Pn^j + 16 + R-o) (Qs + Qc ) 


+2 ND (V 4 O 4 + C 4 C 4 - O 4 V 4 - S 4 S 4 ) ( ^ 

\V 2 


-2 x 4 R n R d (O 4 C 4 + S 4 O 4 - V 4 S 4 - C 4 V 4 ) 


(2.57) 


that at the origin of the lattice reads 


)-5 


An — 


('V 4 O 4 - S 4 S 4 ) ( Ny/V 4 + 


D 

y/vi 


+ (O 4 V 4 — C 4 C 4 ) ( N\Jv 4 — 


D 

y/vl 


(2.58) 

One can see from the coefficients multiplying V 4 O 4 that the product of the tensions 
is always positive, while from the coefficient of —C 4 C 4 we see that the mixed term 
is negative. Thus, the partition function we wrote describes the right configuration 
of branes and antibranes. 

In the direct channel the Annulus amplitude is 


^ = i 


(Qo + Qv)(N 2 Pm + D 2 W n ) + (Rjyf + Rf))(Qo — Q v ) ( 


+2 ND(O a S4 - C 4 O 4 + V 4 C 4 - S 4 V 4 ) 


+2R n R d (-O a S a - C 4 O 4 + V 4 C 4 + S 4 V 4 ) 


(2.59) 


and finally we have to write the Mobius amplitude. First of all, from Aq and /Co, 
we write the contribution to the transverse channel at the origin of the lattice, 


Mo = — 


1 


V4O4 y/Pl ~ 


1 


y/vl 


N y/v4 + 


+ 04 V 4 1 


yNy/vl- 

-C 4 C 4 


^Ny/V 4 ~ 

-S 4 S 4 ( 


y/V4 + 


D 


V^) 
D ) 


D 


y/vi 


(2.60) 


from which one can recognize all the single exchanges between the 09+ and 05- 
planes and the D 9 and D5 branes. Then, completing the reticular sums one obtains 

1 


M = 


V 4 NW^\V A d 4 + O 4 V 4 ~ S 4 S 4 ~ C 4 C 4 ) 
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+— DP^(-V 4 d 4 - O4V4 - S4S4 - C4C4) 

V 4 


+iV( —V 4 O 4 + O 4 V 4 - S 4 S 4 + C 4 C 4 ) 
+D(V 4 d 4 - O 4 V 4 - S 4 S 4 + C 4 C 4 ) 


m 


(2t) 

U 2 


and after a P-modular transformation 

1 


M = — 


NP m (0 4 V 4 + V 4 O 4 - S 4 S 4 - C 4 C 4 ) 


-DW n {0 4 V4 + V 4 O 4 + S 4 S 4 + C 4 C 4 ) 


U 2 


( 27 ) 

U 2 


(2.61) 


-N(0 4 V .4 - V 4 O 4 - S 4 S 4 + C 4 C 4 ) 

+D(0 4 V4 - ^404 + 5 4 5 4 - C 4 C 4 ) 

The R-R tadpole conditions can be extracted from Aq, JCq and M.q, and give 


(2.62) 


N = D = 32 


R]\r = Rd = 0 


(2.63) 


but in contrast with the supersymmetric case, the vector now also flows in the Mobius 
amplitude, and thus the right parametrization for the Chan-Paton multiplicities is 


N = m + n 2 , D = d\ + d 2 , 

Rn = ri\ - n 2 , Rd = d\ - d 2 , (2.64) 

that leads to the solution 

ni = n 2 = di = d 2 = 16 . (2.65) 

In terms of the given parametrization, the massless unoriented open spectrum is 
given by 

ni(m - 1 ) + n 2 (n 2 - 1 ) + c?i(o?i + 1 ) + d 2 (d 2 + 1 ) 
- 2 - V 4 U 4 

ni(ni - 1 ) + n 2 {n 2 - 1 ) + d 1 (d 1 - 1 ) + d 2 (d 2 - 1 ) 
- 2 - O 4 O 4 

+(nin 2 + did 2 )( 0 4 l / 4 - <S' 4 <S' 4 ) + {n\d 2 + n 2 d\) O 4 S 4 

— (nidi + n 2 d 2 ) C 4 O 4 . (2.66) 

[50(16) x 50(16)] 9 x [USp( 16) x USp( 16)]5, where the first two 
D9 branes and the last to the D5 branes. The sector with NN 
boundary conditions has a supersymmetric massless spectrum, consisting of a gauge 


Aq + Mq = 


The gauge group is 
factors refer to the 
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multiplet in the adjoint representation of .SC^IG) x .SOfdG) and a hyper multiplet 
in the (16,16,1,1). The DD spectrum is clearly not supersymmetric, because it 
contains vectors in the adjoint representation of the gauge group USp{ 16) xUSp(lQ), 
but the corresponding fermions are in the symmetric representation (1,1,120,1) and 
(1,1,1,120). Moreover, this sector contains four scalars and a left-handed Weyl 
spinor in the (1,1,16,16). The mixed ND sector also breaks supersymmetry, and 
contains two scalars in the (1,16,16,1) and in (16,1,1,16) and a Majorana-Weyl 
fermion in the (16,1,16,1) and (1,16,1,16), where the Majorana condition here is 
implemented by a conjugation matrix in the pseudo-real gauge group representation. 

Supersymmetry breaking on the D5 branes leaves uncancelled NS-NS tadpoles, 
that one can read from the transverse amplitudes 


(N — 32)^/v 4 + 


£> + 32 


v 4 o 4 + 


{N - 32)y / u 4 


P + 32 
V ^ 4 


o 4 v 4 . 


(2.67) 


The coefficients of V 4 0 4 and 0 4 V 4 are as usual are proportional to the squared one- 
point functions in front of boundaries and crosscaps. From the space-time point of 
view, one can derive them from a term in the low-energy effective action of type 


0 + 32 I* 

aM j 

In fact, the derivatives of AS with respect to the deviation of the six-dimensional 
dilaton <p6 and the internal volume yT> 4 from their background values give the square 
roots of the coefficients multiplying respectively V 4 0 4 and 0 4 V 4 . The first contri¬ 
bution in AS refers to the system of D9 branes with the corresponding 09 plane. 
The supersymmetry of the D9-09 sector ensures that not only the R-R charge but 
also the total tension vanishes. Thus the R-R tadpole condition N = 32 eliminates 
this term. The second contribution refers to the D5 branes with their 05_ planes, 
but their tensions now are summed. Therefore, this term is not cancelled and gives 
origin to a positive dilaton potential, whose presence signals that the Minkowski 
background is not a good vacuum for this model. 


xyf^ge-^ . ( 2 . 68 ) 


AS 


(N — 32)yTq J (ftxyf^ge ^ 
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2.4 Supersymmetry breaking and magnetic deformations 

In this section we want to analyze the possibility to break supersymmetry coupling 
the ends of open strings to a background magnetic field nm urn cm eh The reason 
why supersymmetry can be broken in this way is that modes with different spins 
couple differently to a magnetic hied, thus splitting the mass of bosons and fermions. 
But there is another interesting way to see this. Let us turn on a uniform abelian 
magnetic held whose vector potential is given by A^ = —^F^X". The minimal 
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coupling of such a field with the ends of an open string leads to an action with new 
boundary terms. For instance, for a bosonic string 


S - -4^J dr l 

dod a X ■ d a X 

- qh J drA^d r X^ 

- QR [ drA^drX^ 

(7=0 J 


(2.69) 


and the equations of motion of such action have to be implemented together with 
the boundary conditions 


dtjXi 1 ' - 2^aq h F fl u d T X v = 0, (7 = 0, 

d a X' 1 + 2vr a'q^F^v d T X v = 0, a = vr . (2.70) 


Now, if for example we consider a magnetic field living only in the plane defined by 
the direction X 1 , X 2 , F \2 = — F 21 = H, and we perform a T duality along the X 2 
direction, whose dual coordinate is now denoted with Y 2 , the boundary conditions 
become 


d a (X 1 - 2 iraq L HY 2 ) =0, d T (Y 2 + 2ira'q R HX 1 ) =0, (2.71) 

since T-duality interchanges Dirichlet with Neumann boundary conditions. There¬ 
fore, a coordinate in the direction identified by the first equation in cup has 
Neumann boundary conditions, and so it describes a coordinate parallel to a brane 
rotated by an angle 0l = tanT 1 {2 tt a'qiFf). On the other hand, the coordinate 
in the direction identified by the second equation in (TTth 1 satisfies only Dirich¬ 
let boundary conditions, and so it is orthogonal to a brane rotated by the angle 
Or = tan _1 (27r a'qRH). Supersymmetry breaking is therefore understood in this 
language, because strings terminating at two rotated branes are stretched and their 
modes take mass. 

At this point we discuss the canonical quantization. It is useful to introduce the 
complex coordinates 

X± = -^=(X 1 ±iX 2 ), (2.72) 

together with their canonically conjugate momenta 

Py(j,a) = {d T X T (r, a) +iX T (r,a) 2-Ka'H [<q L S(a) + q R 5(ir - cr)]} . (2.73) 

The solution of the equations of motion leads to different mode expansions if the 
total charge qr. + q R is different or equal to zero. In the first case, q R + q R 7 ^ 0, 
X + (r, a) , X_ = X' + , can be expanded as 

"OO OO 

^2 a n ^n{T, cr) - ^2 0 ) , 

_n=l m=0 


X + (t, a) = x+ + i\j2a! 


(2.74) 
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where 


^ n{r,a) = 


V\ n ~ z\ 

and z, 7 and 7 ' are defined by 


cos [(n - z)a + 7 ] , 


(2.75) 


z =—(7 + 7 O j 7 = tan 1 (2na'qLH ), 7 ' = tan 1 (27 t a'q^H). (2.76) 

7r 

One can see that in this case the frequencies of the oscillators are shifted by z. 
The commutation relations for the independent oscillators a n , a} n and b n , bln are the 
usual ones, while the zero modes x+, X- do not commute 


[x + ,X-\ 


1 

H{q L + qn) ’ 


(2.77) 


and in fact describe the usual creation and annihilation operators for the Landau 
levels of a particle in a uniform magnetic held, giving, in the small held limit, the 
following contribution to the mass formula: 


AM 2 = (2 n + 1 ){q L + qR)H . 


(2.78) 


On the other hand, in the case of vanishing total charge, qL = —qR = q, the 
oscillators do not feel the magnetic held, because 2 = 0 , and thus their frequencies 
are not shifted, but there is a new zero mode 


X + (r,a) = 


x + +p- t — i2ira'qH((j — ^tt) 


V 7 ! + (2tt a'qHf 


-\-iv2a' 


n= 1 


a n ^n{r, a) - b^ip^T, a) 
(2.79) 


In this case, to which we will refer as the “dipole string”, the Landau levels do not 
affect the mass formula because they would be proportional to (qL + qn)H , that is 
zero. 

At this point we focus our attention on the case of a constant magnetic held 
dehned in a compact space. For example, let us compactify X\ and X 2 on a torus. 
The motivation is that in such a case the degeneracy of Landau levels is finite. If 
2ttR\ and 27ri?2 are the two sides of the fundamental cell of the torus, the Landau 
degeneracy k is simply given by 


k = 2TTR\R2qH = 2n olvqH 


(2.80) 


where the second equality is due to the usual definition, v = R,\ R/ 2 /a 1 ■ Actually, 
k has also another meaning. It is the integer that enters in the Dirac quantization 
condition due to the fact that a magnetic held on the torus is a monopole held 
producing a non-vanishing flux. On the fundamental cell of the torus one can define 
the vector potential 


A\ = ai , 


A-2 = CL2 + HX 1 , 


(2.81) 
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so that F \2 = H. The constants 01,2 are related to the Wilson lines that break the 
gauge group, and for our present discussion we can set them to zero. The gauge 
transformation 

Ai = Ai- ie-^d^ i = l,2 (2.82) 

allows to join with continuity X\ = 0 to X\ = 2vri?i, if Lp is chosen to be 

ip = 2nR x HX 2 . (2.83) 


Imposing the monodromy of the function qip one can recover the Dirac quantization 
condition qH = k/2ira'v, and we can see that here the integer k is the same as 
the one that defines the Landau degeneracy CM - In the T-dual picture k can be 
interpreted as the number of wrappings before the rotated branes close, as can be 
understood using the definition of the angle of rotation and the relation with 

R7 1 = a' /i ?2 

dT 

tan# = k—^~ . (2.84) 

R] 

After this introduction, we can analyze how the vacuum amplitudes have to be 
deformed in the presence of a constant magnetic held. For what said, we want to 
consider the magnetic held in a compact space. For example, let us consider the six 
dimensional model given by A4g x x T 2 (iL 2 )]/^ 2 , with two different abelian 

magnetic helds in the two T 2 -tori. The reason why we are interested in this peculiar 
orbifold, that admits D9 and D5 (or D5) branes, is that for the particular choice of 
magnetic helds satisfying the relation H\ = 4zHg, a system of magnetized D9 branes 
can emulate a number of D5 (or D5) branes. We can see this fact already at the 
low-energy effective held theory .Q), ITT)] . where the action of a stack of magnetized 
D9 branes is 


Sg 



d w Xe det(c/i 0 + 2 na'q a F) 


[ e 2 ™' q “ F A C p+1 , 

v.a 10 


(2.85) 


and where q a labels different type of Chan-Paton charges. Here the first contribution 
is the Born-Infeld action, that is known to describe the low-energy dynamics of an 
open string, while the second contribution is the Wess-Zumino term that couples the 
magnetic held to different R-R forms Cp+i. Tg and pg are respectively the tension 
and the R-R charge of the brane. For a generic BPS Dp brane the following relation 
holds 

Tp=\dp\ =y ^^) 3 p , 


(2.86) 
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where k 2 = defines Newton’s constant in 10 dimensions. Now, compactifying 

4 dimensions on T 2 x T 2 , and allowing two different magnetic fields on the two tori, 
the action becomes 


S 9 = ~Tg 


f d 10 Xe~* V J(l + 2^a'q a Hl)(l + 2 i:a'q a H 2 ) 
JMio a=1 

32 

X^(2vr q a ) 2 [ C 6 , 

a=l 


—32 fig / C10 — fJ>5 V 1 V 2 H 1 H 2 
d M 10 


(2.87) 


where we used (E3EI, and Vi = RjR 2 /a' refers to the two volumes of the two tori. 
The linear term in the expansion of the Wess-Zumino action is not present because 
the generator of the U(l) abelian group is traceless, since the U( 1) is a subgroup of 
the original 50(32) gauge group for the D9 branes of the Type I string. Then, if 
Hi = ±i? 2 i and using the Dirac quantization condition for each of the two magnetic 
fields ki = 27 xa'viqHi, the action reduces to 


S 9 


32 f | 

[d 10 X^ 6 e- 

J .M 10 

\ 

32 fn ' 



) / (d 6 XV 


/ Jm 6 v 


^ Tg + H 9 C 10 ) 

-ge \hk 2 \ T 5 e 


+ k\k 2 95 Cg'j , (2.88) 


from which one can recognize a system of D9 branes together with \k{k 2 \ D5 branes, 
if k\k 2 > 0 (H\ = +Ho), or D5 branes, if kik 2 < 0 [H\ = —H 2 ). 

After this digression, we come back to write the amplitudes. Let us start to 
modify the Klein-bottle amplitude of the supersymmetric model T 4 /Z 2 to obtain 
the magnetized orbifold [T 2 (i7i ) x T 2 (77 2 )]/Z 2 . Denoting with T) and Wi the sums 
over momenta and windings for the two tori, and decomposing the internal characters 
in the representation of 50(2) x 50(2) according to 


Qo(zi', Z 2 ) = F 4 (0) [0 2 (Z1)0 2 (Z 2 ) + V 2 {ZI)V2{Z2)] 

-C 4 (0) [S 2 (z 1 )C 2 (z 2 ) + C 2 (z 1 )S 2 (z 2 )] 
Qv(zi;z 2 ) = O 4 (0) [V 2 (zi)0 2 (z 2 ) + 0 2 (zi)V 2 (z 2 )} 
-5 4 (0) [5 2 (zi)5 2 (z 2 ) + C 2 (zi)C 2 (z 2 )} 
Q s (zr, z 2 ) = 0 4 (0 ) [S 2 (zi)C 2 (z 2 ) + C 2 (z 1 )S 2 (z 2 )] 

—5 4 (0) [0 2 (zi)0 2 (z 2 ) + V 2 ( Zl )V 2 (z 2 )\ 

Qc(zi;z 2 ) = K 4 (0) [5 2 (zi)5 2 (z 2 ) + 0 2 (zi)0 2 (z 2 )] 

—O 4 (0) [V 2 (zi)0 2 (z 2 ) + 0 2 {zi)V 2 {z 2 )] 

the Klein-bottle amplitude can be written 


K = \\ + [P 1 P 2 + W 1 W 2 \ + 16x2(Q s + Q c )(0;0) 


V 


Mo) 


(2.89) 


(2.90) 
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where the arguments z\ and z 2 , that take into account the presence of the two 
magnetic fields on the two internal tori, are here set to zero since the closed sector 
does not couple to the magnetic fields. The characters of the level-1 affine extension 
of 0(2n), in the presence of a magnetic field, are expressed in terms of the Jacobi 
theta-functions for non-vanishing arguments 

1 


0 2n (z ) 
V 2n (z) 
S 2n (z) 
C 2n (z ) 


2 ? 7 n (r) 
1 

2rj n (r) 

1 


2 Tj r 


1 


m*\T)+VL(z\T)] , 

m*\ T ) - n(z\r )], 

[^(z\T)+i- n ^(z\T)\ , 
W*\r) - i-”tf?(2|r)] . 


(2.91) 


2 ? 7 n (r) 

Let us now consider the open sector with a unitary gauge group, as in the case 
of the original supersymmetric T 4 /Z 2 model, and let Nq = n + h be the number of 
neutral D9 branes, while m and fh count the number of the magnetized D9 branes 
with U (l)-charges equal to +1 or —1. In addition, we also have the D5 branes with 
their multiplicity d + d. The annulus amplitude is obtained deforming the one of 
the original T 4 /Z 2 model. First of all, we have to substitute the original factor 
(n + n) with (n + n) + (m + fh), since now m + mof the D9 branes are magnetized. 
Therefore, in the annulus amplitude, apart from the same neutral strings, whose 
multiplicities do not depend from m and fh, now we have also a “dipole” term, with 
multiplicity mm, also neutral, and charged terms with multiplicities proportional to 
m, fh, m 2 and fh 2 . As we already know, the oscillator frequencies in the case of a 
“dipole” string, are not shifted by the magnetic field, but there is a new zero mode 
whose normalization in says us that momenta have to be quantized in units 

of 1/Ry/l + (2ira' Hi) 2 . Thus, for the “dipole” string, we only have to substitute 
P\P 2 with the sum P\P 2 , that is defined with momenta mi/R\J\ + (27ra / Hi) 2 . On 
the other hand, the charged terms in the annulus are associated to theta functions of 
non-vanishing argument, since their frequencies are shifted. The deformed annulus 
amplitude is then 


A = 


1 


(Qo + Qu)(0; 0) in + n) P\P 2 + {d + d) W\\V 2 + 2mmP\P 2 


- 2(m + m)(n + n)(Q 0 + Qv){ziT;z 2 T) 

- (m 2 + m 2 ){Q 0 + Q v ){2zit; 2z 2 t) 


ki rj k 2 r] 
di{ziT) i?i (z 2 t) 
2k\ q 2k 2 r) 


i?i(22it) di(2z 2 r) 
- [in - h) 2 - 2mm + (d - df] ( Q 0 - Q„)(0; 0) 
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- 2(m - m)(n - n)(Q 0 - Q v )(z 1 t-,Z 2 t) 

- (m 2 + m 2 )(Q 0 - Q v )(2zit; 2z 2 t) 


2t] 2'f/ 
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+ 2(m + m) (d + d)(Q s + Q c ) (z\ t;z 2 t) 
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while the corresponding Mobius amplitude is 
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(2.92) 


(2.93) 


where terms with opposite U( 1) charges, and thus with opposite arguments Zi, have 
been grouped together, using the symmetry of the Jacobi theta-functions, and both 
the modulus of A and that of A4 are indicated with r. Moreover, we note that 
strings with one or two charged ends are associated with functions respectively of 
arguments Zi or 2 Zi. 

At this point, we begin to study the spectrum, that is generically not supersym¬ 
metric and can develop some tachyonic modes, giving the so called Nielsen-Olesen 
instabilities m- In fact, in the untwisted sector, and for small magnetic fields, the 
mass formula acquires a correction of the type 


AM 2 


1 

2n a! 


[(27* + l)|27r a'(q L + g R )iJj| + 47ra'(g L + Qr )£*#; , 

2 = 1,2 


(2.94) 


where the first term is the contribution of the Landau levels and the second is the 
coupling of the magnetic moments of spins to the magnetic fields. From the 
formula for AM 2 it is clear that, for generic values of magnetic fields, the magnetic 
couplings of the internal vectors can lower the Landau zero-level energy, thus gener¬ 
ating tachyons. On the other hand, the internal fermions can at most compensate it. 
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In the twisted sector there are no Landau levels, and while the fermionic part S 4 O 4 
of Q s develops no tachyons, as the internal characters are scalars, and the scalars 
do not have magnetic couplings, the bosonic part O 4 C 4 has a mass shift that again 
gives origin to tachyons. An interesting thing here happens if H 4 = H. 2 - In fact, in 
such case all tachyonic instabilities are eliminated. Not only, what one can show is 
that for H\ = H 2 , using some Jacobi identities, both A and A4 vanish identically, 
so that a residual supersymmetry is present at the full string level. 

We start to impose the various tadpole conditions. First of all, we give the 
untwisted R-R tadpole condition, that for C 4 S 2 C 2 is 


\n + n + m + m — 32 + (2na'q ) 2 H\H2(m + m) 1 Jv 1 V 2 H- , \d + d — 32] = 0 . 

y/VlV 2 


(2.95) 

The other untwisted R-R tadpole conditions are compatible with this one, or vanish 
after the identifications n = h, m = fh, d = d. The tadpole (12R51) is linked, in the 
low-energy effective held theory, to the Wess-Zumino action we wrote in (ESI- if 
we impose the Dirac quantization conditions on the two tori, we can write (12.951) as 


m + m. + n + n = 32, 

fci/c 2 (m + fh) + d + d = 32 , (2.96) 


from which one can see the phenomenon we already described at the low-energy 
effective held theory level: the magnetized D9 branes acquire the R-R charge of 
\k\k, 2 \ D5 branes if k\k ,2 > 0, or of D5 antibranes if k\k 2 < 0. The untwisted NS-NS 
tadpoles, apart from terms that vanish after the identihcation of conjugate multi¬ 
plicities, do not vanish for general values of the magnetic helds. The contribution 
from V 4 O 2 O 2 , 


n + n + (m + m ) \J(l + (27r a'q) 2 Hf) (l + (27r a'q) 2 ^) — 32 


\/V\V2 


+ 


yJV\V2 


[d + d- 32] 


(2.97) 


is the dilaton tadpole and is related to the derivative of the Born-Infeld action with 
respect to the dilaton. There are also tadpoles from O4V2O2 , 


n + n+ (m + m) a qHi) y ( 2 ira'qH 2 ) 2 — 32 

V'l + {2ira'qHi ) 2 V 

—\d + d — 32] , 

y/V 1V 2 


y/V\V2 


(2.98) 


and from O 4 O 2 V 2 ) that is the same but with H\ H 2 , related to the dependence 
of the Born-Infeld action from the volumes of the two internal tori. 
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We would also like to stress that, in contrast with the usual case, the coefficients 
of O 4 V 2 O 2 and O 4 O 2 V 2 in the transverse channel are not perfect squares. The reason 
is that really the transverse annulus has the form (T(B)\q L ° \B), where T denotes 
the time-reversal operation. As the magnetic field is odd under time-reversal, it 
introduces signs that do not make the amplitudes sesquilinear forms. 

Both the dilaton tadpole and the tadpoles from O4V2O2 and O4O2V2 vanish for 
H 1 = H 21 using the Dirac quantization condition, and imposing the R-R tadpole 
cancellation, as is usual for a supersymmetric theory. The twisted R-R tadpole from 
S 4 O 2 O 2 reflects the fact that all the D5 branes are at the same fixed point, 

15 [j(m — rh + n — n)Y + [j(m — rh + n — n) — (d — d)] 2 , (2.99) 


and vanishes identifying the conjugate multiplicities. The corresponding NS-NS 
tadpole 


_2 ira'q (H x - H 2 ) _ 

i/(l + (2W qH i) 2 )(l + (2tto! qH 2 ) 2 ) 


( 2 . 100 ) 


vanishes if H\ = 772 • 

Before closing this part, let us restrict our attention to the supersymmetric case 
H 1 = H 2 and let us describe the massless spectrum. The closed sector has the 
same spectrum as the undeformed original model T 4 /Z 2 . For the massless open 
sector we have to solve the R-R tadpole conditions CS3BBD , and we analyze the case 
ki = k 2 = 2. There are a number of different solutions giving anomaly-free spectra. 
Here we report only the simplest one, d = 0, n = 12, m = 4, just to give an idea of 
what is happening. The open amplitudes at the massless level are 


.4.0 +-Ado = mmQ o (0) + nnQ o (0) + — - ^ ^ - —Q v ( 0) 

+ (ran + rah) Qv((t) 

+ 2(fafa + l) ( ’ n2 - m) + ( ’" 2 -" ) ft(Cr). (2.101) 

The gauge group is U( 12) x 17(4), and apart from vector multiplets in the adjoint 
representation, the spectrum contains hyper multiplets in the (66 + 66,1), in five 
copies of the (1,6 + 6), and in four copies of the (12,4). This type of models give 
origin to a rich and interesting low-energy phenomenology. The peculiar feature 
common to all of them is the emergence of multiple matter families. Moreover, one 
can see that the gauge group is broken to a subgroup without preserving the rank, 
giving a new possibility with respect to the rank reduction by powers of 2 induced 
by a quantized B a b. 








Chapter 3 


Tadpoles in Quantum Field 
Theory 

3.1 An introduction to the problem 

In String Theory the breaking of supersymmetry is generally accompanied by the 
emergence of NS-NS tadpoles, one-point functions for certain bosonic fields to go 
into the vacuum. Whereas their R-R counterparts signal inconsistencies of the held 
equations or quantum anomalies M, these tadpoles are commonly regarded as 
mere signals of modifications of the background. Still, for a variety of conceptual 
and technical reasons, they are the key obstacle to a satisfactory picture of super- 
symmetry breaking, an essential step to establish a proper connection with Particle 
Physics. Their presence introduces infrared divergences in string amplitudes: while 
these have long been associated to the need for background redefinitions m, it has 
proved essentially impossible to deal with them in a full-hedged string setting. For 
one matter, in a theory of gravity these redefinitions affect the background space 
time, and the limited technology presently available for quantizing strings in curved 
spaces makes it very difficult to implement them in practice. 

This chapter, based on the paper EU, is devoted to exploring what can possibly 
be learnt if one insists on working in a Minkowski background, that greatly simplifies 
string amplitudes, even when tadpoles arise. This choice may appear contradictory 
since, from the world-sheet viewpoint, the emergence of tadpoles signals that the 
Minkowski background becomes a “wrong vacuum”. Indeed, loop and perturbative 
expansions cease in this case to be equivalent, while the leading infrared contribu¬ 
tions need suitable resummations. In addition, in String Theory NS-NS tadpoles 
are typically large, so that a perturbative approach is not fully justihed. While we 
are well aware of these difficulties, we believe that this approach has the advantage 
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of making a concrete string analysis possible, if only of qualitative value in the gen¬ 
eral case, and has the potential of providing good insights into the nature of this 
crucial problem. A major motivation for us is that the contributions to the vacuum 
energy from Riemann surfaces with arbitrary numbers of boundaries, where NS-NS 
tadpoles can emerge already at the disk level, play a key role in orientifold mod¬ 
els. This is particularly evident for the mechanism of brane supersymmetry breaking 
EH HD, where the simultaneous presence of branes and antibranes of different types, 
required by the simultaneous presence of 0 + and 0_ planes, and possibly of addi¬ 
tional brane-antibrane systems ESI ED ED, is generically accompanied by NS-NS 
tadpoles that first emerge at the disk and projective disk level. Similar considera¬ 
tions apply to non-supersymmetric intersecting brane models 1231 ISSUED 1 , an d the 
three mechanisms mentioned above have a common feature: in all of them super- 
symmetry is preserved, to lowest order, in the closed sector, while it is broken in the 
open (brane) sector. However, problems of this type are ubiquitous also in closed- 
string constructions EE! based on the Scherk-Schwarz mechanism ESI, where their 
emergence is only postponed to the torus amplitude. 

To give a flavor of the difficulties one faces, let us begin by considering models 
where only a tadpole A^°) for the dilaton <p is present. The resulting higher-genus 
contributions to the vacuum energy are then plagued with infrared (IR) divergences 
originating from dilaton propagators that go into the vacuum at zero momentum, so 
that the leading (IR dominated) contributions to the vacuum energy have the form 

A 0 = e~ v A^ + i A (m ) (i V£ n ) A^ + ^ (i P™ n ) (i V A<«> + • • • 

= e~r A® + i A [l-e^(iV 0 )E]- 1 (iV 0 ) A +••• . (3.1) 

Eq. (13.11) contains in general contributions from the dilaton and from its massive 
Kaluza-Klein recurrences, implicit in its second form, where they are taken to fill a 
vector A whose first component is the dilaton tadpole A^ 0 ). Moreover, 

{m|P„(p 2 )|n) = »<”V) = S m "N m> (P 2 ) 0-2) 

and 

(m|S 0 (p 2 )|n) = S(™V) (3-3) 

denote the sphere-level propagator of a dilaton recurrence of mass m and the matrix 
of two-point functions for dilaton recurrences of masses m and n on the disk. They 
are both evaluated at zero momentum in <ED>, where the first term is the disk (one¬ 
boundary) contribution, the second is the cylinder (two-boundary) contribution, the 
third is the genus 3/2 (three-boundary) contribution, and so on. The resummation 


1 Or, equivalently, models with internal magnetic fields. 
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in the last line of m is thus the string analogue of the more familiar Dyson 
propagator resummation in Field Theory, 

- i V~ 1 (p 2 ) = -i £>o l (p 2 ) - S(p 2 ) , (3.4) 

where in our conventions the self-energy E(p 2 ) does not include the string coupling 
in its definition. Even if the individual terms in EH) are IR divergent, the resummed 
expression is in principle perfectly well defined at zero momentum, and yields 

An = - - e~ v A® 5T 1 (°°) A® 

2 

+ \ Y, A(m) G 1 - e<P (* V o) S]' 1 (* T> 0 )) mn At") . (3.5) 

m,717^0 

In addition, the soft dilaton theorem implies that 

e <P £(00) = JL A (0)^J 5 ( 3 . 6 ) 

so that the first two contributions cancel one another, up to a relative factor of two. 
This is indeed a rather compact result, but here we are describing for simplicity 
only a partial resummation, that does not take into account higher-point functions: 
a full resummation is in general far more complicated to deal with, and therefore it 
is essential to identify possible simplifications of the procedure. 

A lesson we shall try to provide in this chapter, via a number of toy examples 
based on model field theories meant to shed light on different features of the realistic 
string setting, is that when a theory is expanded around a “wrong” vacuum, the 
vacuum energy is typically driven to its value at a nearby extremum (not necessarily 
a minimum), while the IR divergences introduced by the tadpoles are simultaneously 
eliminated. In an explicit example we also display some wrong vacua in which higher- 
order tadpole insertions cancel both in the field v.e.v. and in the vacuum energy, so 
that the lowest corrections determine the full resummations. Of course, subtle issues 
related to modular invariance or to its counterparts in open-string diagrams are of 
crucial importance if this program is to be properly implemented in String theory, 
and make the present considerations somewhat incomplete. For this reason, we plan 
to return to this key problem in a future work m ■ The special treatment reserved 
to the massless modes has nonetheless a clear motivation: tadpoles act as external 
fields that in general lift the massless modes, eliminating the corresponding infrared 
divergences if suitable resummations are taken into account. On the other hand, 
for massive modes such modifications are expected to be less relevant, if suitably 
small. We present a number of examples that are meant to illustrate this fact: small 
tadpoles can at most deform slightly the massive spectrum, without any sizable effect 
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on the infrared behavior. The difficulty associated with massless modes, however, 
is clearly spelled out in eq. (ESI): resummations in a wrong vacuum, even within a 
perturbative setting of small g s , give rise to effects that are typically large, of disk 
(tree) level, while the last term in (I3.!~)ll due to massive modes is perturbatively small 


provided the string coupling e v satisfies the natural bound e v < m 2 /M 2 , where for 


the Kaluza-Klein case m denotes the mass of the lowest recurrences and M s denotes 
the string scale. The behavior of massless fields in simple models can give a taste of 
similar difficulties that they introduce in String Theory, and is also a familiar fact 
in Thermal Field Theory where a proper treatment of IR divergences points 
clearly to the distinct roles of two power-series expansions, in coupling constants 
and in tadpoles. As a result, even models with small couplings can well be out of 
control, and unfortunately this is what happens in the most natural (and, in fact, in 
all known perturbative) realizations of supersymmetry breaking in String Theory. 

Despite all these difficulties, at times string perturbation theory can retain some 
meaning even in the presence of tadpoles. For instance, in some cases one can identify 
subsets of the physical observables that are insensitive to NS-NS tadpoles. There 
are indeed some physical quantities for which the IR effects associated to the dilaton 
going into the vacuum are either absent or are at least protected by perturbative 
vertices and/or by the propagation of massive string modes. Two such examples 
are threshold corrections to differences of gauge couplings for gauge groups related 
by Wilson line breakings and scalar masses induced by Wilson fines. For these 
quantities, the breakdown of perturbation theory occurs at least at higher orders. 
There are also models with “small” tadpoles. For instance, with suitable fluxes 
m it is possible to concoct “small” tadpoles, and one can then define a second 
perturbative expansion, organized by the number of tadpole insertions, in addition 
to the conventional expansion in powers of the string coupling m- 

3.2 “Wrong vacua” and the effective action 

The standard formulation of Quantum Field Theory refers implicitly to a choice of 
“vacuum”, instrumental for defining the perturbative expansion, whose key ingredi¬ 
ent is the generating functional of connected Green functions W[J]. Let us refer for 
definiteness to a scalar field theory, for which 



(3.7) 


where 



(3.8) 
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written here symbolically for a collection of scalar fields <f> in V dimensions. Whereas 
the conventional saddle-point technique rests on a shift 


</> = ip + (j> o 


(3.9) 


about an extremum of the full action with the external source, here we are actually 
interested in expanding around a “wrong” vacuum (f> o, defined by 


= — (J + A) , (3.10) 

<t>=4> o 

where, for simplicity, we let A be a constant, field-independent quantity, to be re¬ 
garded as the classical manifestation of a tadpole. In the following Sections, however, 
we shall also discuss examples where A depends on cf>o. 

The shifted action then expands according to 


6S_ 

50 


S(ip + <!> o) = S{(j)Q) - (J + A)ip + -ip (iV 1 ) (/)o ip + S/(0o,<£) , (3.11) 


where 




s 2 s 


5<p 2 


(3.12) 


00 


while 5/(0o, ip) denotes the interacting part, that in general begins with cubic terms. 
After the shift, the generating functional 


e {w[j] = e ±[s(M+JM 


[D<p\e 


Ttl\f >iV 1 (0o) <p-A‘P+Si(‘p,4>o)\ 


(3.13) 


can be put in the form 

W[J] = S(0o) + 00 J + ytr In (i P” 1 ^) + W 2 [J\ + ^APA , (3.14) 


where 

±W2[J] f[Dip] eTtfo iV ~ 1 ^ ‘P-‘pA.+S I (‘P,4>o)\ 
f[D<p]e*$ viV - 1,f, - v *) 


(3.15) 


In the standard approach, W 2 is computed perturbatively [88j . expanding exp(M-) 
in a power series, and contributes starting from two loops. On the contrary, if clas¬ 
sical tadpoles are present it also gives tree-level contributions to the vacuum energy, 
but these are at least 0(A 3 ). Defining as usual the effective action as 


F(0) = W[J] - J0 , 


(3.16) 


the classical field is 

0 = W = < ^ 0+ JT ( ~~ A+ ^ A2 ^ iP ^ 0 ^ + T tr ^ ln ^ p_1 ^°^) + '" ' ^ 3 ' 17 ) 
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Notice that 0 is no longer a small quantum correction to the original “wrong” vacuum 
configuration 0o, and indeed the second and third terms on the r.h.s. of (Id. 171) do 
not carry any h factors. Considering only tree-level terms and working to second 
order in the tadpole, one can solve for 0o in terms of 0, obtaining 

0o = 0 + iT >$)A + A 2 + 0( A 3 ) , (3.18) 

2 ocp 

and substituting in the expression for r[0] then gives 


m = sd ) + (if 


+ J 


zP(0) A + ^iP(0) iP(0) A 2 +0( A 3 ). (3.19) 

2 ocp 


One can now relate J to 0 using eq. crm and the result is 


J = - 



i V- 1 (0)(*P(0) A) - A + 0{ A 2 ) 


s s 

5<p 


+ 0{ A 2 ). (3.20) 


Making use of this expression in finnt . all explicit corrections depending on A 
cancel, and the tree-level effective action reduces to the classical action: 


r[0] = 5(0) + o( A 3 ). 


(3.21) 


This is precisely what one would have obtained expanding around an extremum of 
the theory, but we would like to stress that this result is here recovered expanding 
around a “wrong” vacuum. The terms 0(A 3 ), if properly taken into account, would 
also cancel against other tree-level contributions originating from W 2 [J], so that the 
recovery of the classical vacuum energy would appear to be exact. We shall return 
to this important issue in the next Section. 


i 

p 2 + (Ao 2 /3) ; 




■X = *c . 


Figure 3.1: Feynman rules at 0o = a 


Let us take a closer look at the case of small tadpoles, that is naturally amenable 
to a perturbative treatment. This can illustrate a further important subtlety: the 
diagrams that contribute to this series are not all IP I, and thus by the usual rules 
should not all contribute to T. For instance, let us consider the Lagrangian 

£ = ~ ^(0 2 - a 2 ) 2 + c0, 


(3.22) 













3.2. “Wrong vacua” and the effective action 


99 


with a Mexican-hat section potential and a driving “magnetic field” represented 
by the tadpole c. The issue is to single out the terms produced in the gaussian 
expansion of the path integral of eq. once the integration variable is shifted 

about the “wrong” vacuum = a, writing (f> = a + x, so that 

g i w [J\ = J[D(f)\ h d ^x-^-x 2 -^x 3 -^x 4 + c{a+x) + J(a+x)) _ (3.23) 

Notice that, once x is rescaled to i n order to remove all powers of h from the 

gaussian term, in addition to the usual positive powers of h associated to cubic and 
higher terms, a negative power 1//2 accompanies the tadpole term in the resulting 
Lagrangian. As a result, the final 0(l/h) contribution that characterizes the clas¬ 
sical vacuum energy results from infinitely many diagrams built with the Feynman 
rules summarized in fig. 13.11 The first two non-trivial contributions originate from 
the three-point vertex terminating on three tadpoles, from the four-point vertex 
terminating on four tadpoles and from the exchange diagram of fig. 13.21 



Figure 3.2: Vacuum energy 


As anticipated, tadpoles affect substantially the character of the diagrams con¬ 
tributing to T, and in particular to the vacuum energy, that we shall denote by Ao- 
Beginning from the latter, let us note that, in the presence of a tadpole coupling c, 

e -i A oV = J [£>0] etim+I'P***) s (3.24) 

where V denotes the volume of space time. Hence, the vacuum energy is actually 
determined by a power series in c whose coefficients are connected, rather than 1PI, 
amplitudes, since they are Green functions of W computed for a classical value of 
the current determined by c: 

4 a ° v - zfif = (3.25) 

n 

A similar argument applies to the higher Green functions of T: the standard Legen¬ 
dre transform becomes effectively in this case 


w[j + c} = r$] + 


(3.26) 
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since the presence of a tadpole shifts the argument of W. However, the l.h.s. of (EH) 
contains an infinite series of conventional connected Green functions, and after the 
Legendre transform only those portions that do not depend on the tadpole c are 
turned into 1PI amplitudes. The end conclusion is indeed that the contributions to 
r that depend on the tadpoles involve arbitrary numbers of connected, but also non 
1PI, diagrams. 

The vacuum energy is a relatively simple and most important quantity that one 
can deal with from this viewpoint, and its explicit study will help to clarify the 
meaning of eq. TO - Using eqs. (13U41) and MU) one can indeed conclude that, 
at the classical level, 

Ao = - ~ (J v r - = -V(d> o) — l - A V\ p2=0 A + 0(A 3 ) , (3.27) 

an equation that we shall try to illustrate via a number of examples in this Chapter. 
The net result of this Section is that resummations around a wrong vacuum lead 
nonetheless to extrema of the effective action. However, it should be clear from the 
previous derivation that the scalar propagator must be nonsingular, or equivalently 
the potential must not have an inflection point at <fo, in order that the perturbative 
corrections about the original wrong vacuum be under control. A related question 
is whether the resummation flow converges generically towards minima (local or 
global) or can end up in a maximum. As we shall see in detail shortly, the end point 
is generally an extremum and not necessarily a local minimum. 


3.3 The end point of the resummation flow 

The purpose of this Section is to investigate, for some explicit forms of the scalar 
potential V(f>) and for arbitrary initial values of the scalar field 4>o, the end point 
reached by the system after classical tadpole resummations are performed. The 
answer, that will be justified in a number of examples, is as follows: starting from a 
wrong vacuum 4>o, the system typically reaches a nearby extremum (be it a minimum 
or a maximum) of the potential not separated from it by any inflection. While this 
is the generic behavior, we shall also run across a notable exception to this simple 
rule: there exist some peculiar “large” flows, corresponding to special values of 
that can actually reach an extremum by going past an inflection, and in fact even 
crossing a barrier, but are nonetheless captured by the low orders of the perturbative 
expansion! 

An exponential potential is an interesting example that is free of such inflection 
points, and is also of direct interest for supersymmetry breaking in String Theory. 
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Let us therefore begin by considering a scalar field with the Lagrangian 

C = - ae h * , (3.28) 

where for definiteness the two coefficients a and b are both taken to be positive. 
The actual minimum is reached as 0 —► — oo, where the classical vacuum energy 
vanishes. 

In order to recover this result from a perturbative expansion around a generic 
“wrong” vacuum <pQ, let us shift the held, writing cf> = 4 >o + X- The Feynman rules 
can then be extracted from 

C eff = -\cr X d ]lX - j e hx , (3.29) 

where A, the one-point function in the “wrong” vacuum, is defined by 

- 5 -^lL = A = a b e b ^° , (3.30) 

W 00 

and the first few contributions to the classical vacuum energy are as in fig. 13.31 


X = -*A; 



Figure 3.3: Feynman rules for the exponential potential 


It is fairly simple to compute the first few diagrams. For instance, the two- 
tadpole correction to —iV(<j) o) is 


1 =i ( _ iA ) 2 = -I '~ iA 

2 bA y ’ 2 

while the three-tadpole correction, still determined by a single diagram, is 


(3.31) 


1 


-HA *) HAN- = 


—i \ ‘ 


1 /—i A 


(3.32) 


On the other hand, the quartic contribution is determined by two distinct diagrams, 
and equals 


i HA b 3 ) HA) 1 



4 


+ I HA l > 2 ) 2 (-iA ) 1 




(3.33) 
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while the quintic contribution originates from three diagrams. Putting it all together, 
one obtains 


An = 


A 


1 

6 


1 1 

12 _ 20 + 


A 

i r 


i-E 


—' n(n + 1) 


(3.34) 


The resulting pattern is clearly identifiable, and suggests in an obvious fashion the 
series in (HSU). Notice that, despite the absence of a small expansion parameter, 
in this example the series in dSHH) actually converges to 1, so that the correct 
vanishing value for the classical vacuum energy can be exactly recovered from an 
arbitrary wrong vacuum </> q. 



Figure 3.4: A cubic potential 


We can now turn to a more intricate example and consider the model 


^ = - V > 2 - ^ 


\<fi 3 

— 


(3.35) 


the simplest setting where one can investigate the role of an inflection. Strictly 
speaking this example is pathological, since its Hamiltonian is unbounded from 
below, but for our purpose of gaining some intuition on classical resumnrations it 
is nonetheless instructive. The two extrema of the scalar potential v \ t 2 and the 
inflection point vj are 


2 m 2 m 2 

ui = 0 , v 2 = - y , vi = - — . 


(3.36) 


Starting from an arbitrary initial value cf> o, let us investigate the convergence of 
the resummation series and the resulting resummed value (0). A close look at the 
diagrammatic expansion indicates that 


V' 


{(j)) = (j) 0 + y 


n =0 


AW 

_(V") 2 _ 


V' 

= 00 + yjT fix ) 


(3.37) 
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where the actual expansion variable is 


XV' 


x = 


C V ") 2 ’ 

to be contrasted with the naive dimensionless expansion variable 


z = 


X(j)Q 


m. 


According to eq. 


, their relation is 

z(z + 2) 


x = 


whose inverse is 


^ = —1 =F 


2(z + l) 2 ’ 

1 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


s/l-2x ’ 

where the upper sign corresponds to the region (L) to the left of the inflection, while 
the lower sign corresponds to the region ( R ) to the right of the inflection. In other 
words: cj) o, and thus the naive variable z of the problem, is actually a double-valued 
function of x, while the actual range covered by x terminates at the inflection. 

A careful evaluation of the symmetry factors of various diagrams with variable 
numbers of tadpole insertions shows that 


/(*) = - 


E 

n=0 


(-l) n 2 n+1 


2 ^ (n + 1)! r(l/2 - n) 
a series that for |x| < 1/2 converges to 

y/l-2x 


(3.42) 


/(*) = - - + 
x 


x 


(3.43) 


The relation between z and x implies that both <f>Q and V have two different ex¬ 
pressions in terms of x on the two sides of the inflection, 


V =± 


m 


1 


s/1 -2x 


2 2 
m m 

= 5 


(3.44) 


where the upper signs apply to the region (L) that lies to the left of the inflection, 
while the lower signs apply to the region ( R ) that lies to the right of the inflection. 
Combining (ETHill and EH finally yields the announced result: 


m 


< oo 


(/>} 0 in the (R) region :-— < 

A 

2777,2 tuP 

(4>) —>--— for in (L) region : — oo < </>o <-r - 

A A 


(3.45) 
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The resummation clearly breaks down near the inflection point vj. In the present 
case, the series in EH converges for |x| < 1/2, and this translates into the condition 


<t>0 <E -oo, - 


m 

T 


1 + 


1 

75 


U 


m 


‘“Tih 00 


(3.46) 


A symmetric interval around the inflection point thus lies outside this region, 
while in the asymptotic regions (f >o —> ±oo the parameter x tends to 1/2, a limiting 
value for the convergence of the series (lirm 

The vacuum energy Ao is another key quantity for this problem. Starting as 
before from an arbitrary initial value </>o, standard diagrammatic methods indicate 
that 


(V '\ 2 00 

A 0 = V(M+ 


V 


n =0 


XV' 


(V) 2 

= V(fo) + h(x) . (3.47) 


A careful evaluation of the symmetry factors of various diagrams with arbitrary 
numbers of tadpole insertions then shows that 




(l) n 2 n+2 


4 ^(n + 2)!T(l/2-n) 


x 


that for |x| < 1/2 converges to 


1 


h(x) = —77 1 — 3x — (1 — 2x) 3 / 2 
3x- . 


(3.48) 


(3.49) 


The two different relations between z and x in (ED that apply to the two 
regions (L) and ( R ) finally yield: 

,,’ 2 

Aq 


m 


0 , in the (R) region-— < i^o < oo , 

A 


An 


2m 6 


in the (L) region — oo < 


< — 


m 


(3.50) 


3A 2 ’ .. ru ' A 

To reiterate, we have seen how in this model the resummations approach nearby 
extrema (local minima or maxima) not separated from the initial value (f >o by any 
inflection. 

A physically more interesting example is provided by a real scalar field described 
by the Lagrangian 

-a 2 ) 2 , (3.51) 


1 ,.o A 2 


c = - 


2 v 4! 

whose potential has three extrema, two of which are a pair of degenerate minima, 
vi = —a and V 3 = +a, separated by a potential wall, while the third is a local 
maximum at the origin. Two inflection points are now present, 


,(!) _ 

V3* 


,(2) _ JL 
7 V3 ’ 


(3.52) 













3.3. The end point of the resummation how 


105 



Figure 3.5: A quartic potential 


that also form a symmetric pair with respect to the vertical axis. 

Starting from an arbitrary initial value 0o, one can again in principle sum all the 
diagrams, and a closer look shows that there are a pair of natural variables, y\ and 
2/2 j defined as 


y i 


4>o 


XV' 

Jvy 


and y 2 


XV’ 2 

Wf ’ 


(3.53) 


that reflect the presence of the cubic and quartic vertices and depend on the square of 
(j)Q. On the other hand, the naive dimensionless variable to discuss the resummation 
flow is in this case 


and eqs. (13031) imply that 


: 4>q/ a 2 , 

(3.54) 

r z(z - 1) 

(3z - l) 2 ’ 

(3.55) 

l) 2 

(3z - l) 3 ' 

(3.56) 


The diagrammatic expansions of (4>) and Ao are now more complicated than in 
the cj ) 3 example. A careful evaluation of the symmetry factors of various diagrams, 
however, uncovers an interesting pattern, since 


{</>} = 4>o + 


yi_ 

F 77 


-l - 


, 2/2 
oUi-y 


y i 


y i - 

2 m 

3 


m 

3 


y i 


y i 


2 m 

5 


7 


2/2 


55 


m 

3 


55 


2/1 


ol2*“ 3V ( Vl ~ 3 VlV2 + 63 yi?/2 " 378^ 


21 


16 


13 


52 


m 

2 


13 


, 2/2 \ / 4 3 , 2 2 3 , i 

16 l 2/1 _ yj { Vl ~ Y VlV2 + Y VlV2 ~ 81 2/12/2 + 169 2/2 


+ 















106 


Tadpoles in Quantum Field Theory 


M2 


A 0 = V(M + 


on 

V" 


1 

1 

(n, V2 \ 

1 

( 2/2 \ 

~2 

~~ 6 

l yi - T) 

~ 8 

^5 

1 

CO | 


1 


2/2 


2/2 


- a \ y i-^) i^-2 y2 J-48l yi -yJ {yi~Yi yiV2 + ^ 


22 


11 


13 


91 


91 


16 \ 1 3/ yi "¥ ?/l2/2+ 108 2/iy2 - 648 2/2 ) + 


(3.57) 


where all linear and higher-order corrections in {(f) and all quadratic and higher 
order corrections in Ao apparently disappear at the special point y\ = 2 / 2 /3. Notice 
that this condition identifies the three extrema <f >0 = ±a and <f >0 = 0, but also, 
rather surprisingly, the two additional points (f >0 = ±§- In all these cases the series 
expansions for {(f) and Ao apparently end after a few terms. 

If one starts from a wrong vacuum sufficiently close to one of the extrema, one 
can convince oneself that, in analogy with the previous example, 


(cj)} —> —a , for region 1 : — 00 < (fo < v ^ , 

{(f) 0 , for region 2 : < <fo < v^ , 

{(f) —► +a , for region 3 : v) < (fo < 00 , (3.58) 


but we have not arrived at a single natural expansion parameter for this problem, 
an analog of the variable x of the cubic potential. In addition, while these pertur¬ 
bative flows follow the pattern of the previous example, since they are separated by 
inflections that act like barriers, a puzzling and amusing result concerns the special 
initial points 

00 = ±| • ( 3 - 59 ) 

In this case 2/2 = 3yi and, as we have seen, apparently all but the first few terms 
in (cj)} and all but the first few terms in Ao vanish. The non-vanishing terms in 
eq. (13371) show explicitly that the endpoints of these resummation flows correspond 
to {(ft) = ±a for (j)Q = =p|, and that Ao = 0, so that these two flows apparently “cross” 
the potential barrier and pass beyond an inflection. One might be tempted to dismiss 
this phenomenon, since after all this is a case with large tadpoles (and large values 
of y 1 and 2 / 2 ), that is reasonably outside the region of validity of perturbation theory 
and hence of the strict range of applicability of eq. (17371) . Still, toward the end of 
this Section we shall encounter a similar phenomenon, clearly within a perturbative 
setting, where the resummation will unquestionably collapse to a few terms to land 
at an extremum, and therefore it is worthwhile to pause and devote to this issue 
some further thought. 

Interestingly, the tadpole resummations that we are discussing have a simple 
interpretation in terms of Newton’s method of tangents, a very effective iterative 
procedure to derive the roots of non-linear algebraic equations. It can be simply 
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adapted to our case, considering the function V'{(f)). whose zeroes are the extrema 
of the scalar potential. The method begins with guess, a “wrong vacuum” cf> o, and 
proceeds via a sequence of iterations determined by the zeros of the sequence of 
straight lines 

y-V'(>= V"{^ n) ) {x-^ n) ) , (3.60) 


that are tangent to the curve at subsequent points, defined recursively as 

V' (</>(")) 


<f ) (n+ 1 ) = ^(n) _ 


V"((f )( n )) ’ 


(3.61) 


where (f/- n ' ! denotes the n-th iteration of the wrong vacuum (f)^ = 0q. 

When applied to our case, restricting our attention to the first terms the method 
gives 


</>& 


= <t> o - 


V' 


V‘ 


= 


// 5 

V{<f> [1) ) V 

V"{(f)M) n +v" 


-1 - 


V v 

2 ( y ") 2 


(V 1 ) 2 v 
6 ( y ") 3 


_ v , v »> 

y ") 2 


+ 


(V) 2 V 

2(y")3 


= ^o + 


W 

V" 


, 1 , V 2 , 1 , 2/2 w 2/2 , 

-! - - y) - 9(2/1 - y)(2/i - -y 


(3.62) 


where 2/1 and 2/2 are defined in (13331) and, for brevity, the arguments are omitted 
whenever they are equal to </>o. Notice the precise agreement with the first four terms 
in (13371) . that imply that our tadpole resummations have a simple interpretation in 
terms of successive iterations of the solutions of the vacuum equations V 1 = 0 by 
Newton’s method. Notice the emergence of the combination y\ — 2 / 2/3 after the first 
iteration: as a result, the pattern of eqs. (13371) continues indeed to all orders. 

In view of this interpretation, the non-renormalization points cf )0 = ±a/2 acquire 
a clear geometrical interpretation: in these cases the iteration stops after the first 
term q since the tangent drawn at the original “wrong” vacuum, say at a/2, 
happens to cross the real axis precisely at the extremum on the other side of the 
barrier, at {(f)) = —a. Newton’s method can also shed some light on the behavior 
of the iterations, that stay on one side of the extremum or pass to the other side 
according to the concavity of the potential, and on the convergence radius of our 
tadpole resummations, that the second iteration already restricts 2/1 and 2/2 to the 
region 


2/i 


2/2 

2 


< 1 


(3.63) 


However, the tangent method behaves as a sort of Dyson resummation of the 
naive diagrammatic expansion, and has therefore better convergence properties. For 
instance, starting near the non-renormalization point (f >0 — —a/2, the first iteration 
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lands far away, but close to the minimum < j>^ ~ a. The second correction, that 
when regarded as a resummation in (TT371) is large, is actually small in the tangent 
method, since it is proportional to (l/16)(yi — 2/2/3). It should be also clear by now 
that not only the points (f>o = ±a/2, but finite intervals around them, move across 
the barrier as a result of the iteration. These steps, however, do not have a direct 
interpretation in terms of Feynman diagram tadpole resummations, since dm is 
violated, so that the corresponding diagrammatic expansion actually diverges. The 
reason behind the relative simplicity of the cubic potential is easily recognized 

from the point of view of the tangent method: the corresponding V'(cf>) is a parabola, 
for which Newton’s method never leads to tangents crossing the real axis past an 
inflection point. 



Figure 3.6: A quartic potential with a “magnetic” deformation 


There is a slight technical advantage in returning to the example of eq. CEZ3, 
since for a small magnetic field (tadpole) c one can expand the complete expressions 
for the vacuum energy and the scalar v.e.v.’s in powers of the tadpole. The expan- 
sions (ET371I still apply, with an obvious change in the one-point function V', and 
their sums should coincide, term by term, with the tadpole resummations obtained 
starting from the undeformed “wrong” vacua cf >o = =ta, 0. 

In this case the vacuum energy is given by 

A ° = ¥ ^ ~~ ^ ~ c v ’ ( 3 -64) 

where the correct vacuum value {(f)} = v is determined by the cubic equation 

A— (u 2 — a 2 ) — c = 0 , (3.65) 

6 


that can be easily solved perturbatively in the tadpole c, so that if one starts around 
<t> o = a, 


A 0 = 


3c 2 

2Aa 2 


— c a 


+ 0 (c 3 ) . 


(3.66) 
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This result can be also recovered rather simply starting from the wrong vacuum 
(j>o = a and making use of eq. ( 13371 ) . since in this case A = — c and T>{p 2 = 0) = 
— 3i/\a 2 . However, the cubic equation (Id.651) can be also solved exactly in terms 
of radicals, and in the small tadpole limit its three solutions are real and can be 
written in the form 

2 a 

V = —= cos 

V3 

where 

cos (a) = £ , sin(a) = \/l — £ 2 , with £ = . (3.68) 

A a 6 

For definiteness, let us consider a tadpole c that is small and positive, so that 
the absolute minimum of the deformed potential lies in the vicinity of the original 
minimum of the Mexican-hat section at v = a and corresponds to k = 0. We can 
now describe the fate of the resummations that start from two different wrong vacua: 

i) 4>o = a - In this case and in the small tadpole limit £ << 1 resummations in 
the diagrammatic language produce the first corrections 

. 3c 27c 2 

W= “ + y"2AV + '" • (3 - 69) 

Alternatively, this result could be obtained solving eq. ( 13331 ) in powers of the tadpole 
c with the initial value 4 >o = a, so that, once more, starting from a wrong vacuum 
close to an extremum and resumming one can recover the correct answer order by 
order in the expansion parameter. In this case both a cubic and a quartic vertex are 
present, and the complete expression for the vacuum energy, obtained substituting 
(13.6711 in (13.641) . is 


a 2nk 
3 + — 


(fc = 0,1,2) , 


(3.67) 


Aq 


2 Aa 4 £ £ 1 / a \ 

~^rT 16 cos 2 (f) “ C ° S \3/ 


(3.70) 


This can be readily expanded in a power series in £, whose first few terms, 


A 0 = -ac - ^ aci + ^ ac f + C>(£ 4 ) . (3.71) 

match precisely the tadpole expansion (13371) . 

ii) (f> o = 0. In this case the first corrections obtained resumming tadpole diagrams 
are 


(*) 


6c 216c 3 
Aa 2 “ A 3 a 8 + 


(3.72) 


The same result can be obtained expanding the solution of (13.6511 in powers of the 
tadpole c, starting from the initial value (j )o = 0. We can now compare ( 13371 ) with 
( 13371 ) . noting that in this case only the quartic vertex is present, so that y\ = 0. 
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Since 1/2 = — 8£ 2 /9 for cj>o = 0, the v.e.v. (0) contains only odd powers of the 
tadpole c, a property that clearly holds in (EHT71) as well, since £ —*► —£ corresponds 
to a —> a + (21 + 1)37t, with l integer and u — > — v in (Id. 6 71) . The contributions 
to {4>) are small and negative, and therefore, starting from a wrong vacuum close 
to a maximum of the theory, the resummation flow leads once more to a nearby 
extremum (the local maximum slightly to the left of the origin, in this case), rather 
than rolling down to the minimum corresponding to the k = 0 solution of (norm . The 
important points in the scalar potential are again the extrema and the inflections, 
precisely as we had seen in the example with a cubic potential. Barring the peculiar 
behavior near the points identified by the condition y\ = 2 / 2 / 3 , the scalar field flows in 
general to the nearest extremum (minimum or maximum) of this potential, without 
passing through any inflection point along the whole resummation flow. It should 
be appreciated how the link with Newton’s method associates a neat geometrical 
interpretation to this behavior. 

For £ = 1 the two extrema of the unperturbed potential located at v = —a and 
at v = 0 coalesce with the inflection at —a/V 3. If the potential is deformed further, 
increasing the value of the tadpole, the left minimum disappears and one is left with 
only one real solution, corresponding to k = 0. The correct parametrization for 
£ > 1 is cosh(a) = £ and sinh(a) = y/£ 2 — 1 , and the classical vacuum energy 
is like in dnZZHD , but with cos(a/3) replaced by cosh(ct/3). In order to recover the 
result cmi) working perturbatively in the “wrong” vacuum v = a, one should add 
the contributions of an infinite series of diagrams that build a power series in l/£, 
but this cannot be regarded as a tadpole resummation anymore. The meaning of the 
parameter £ should by now have become apparent: it is proportional to the product 
of the tadpole and the propagator in the wrong vacuum, V' /V ", a natural expansion 
parameter for problems of this type. Notice that the ratio V'/V is twice as large 
(and of opposite sign) at the origin 4>o = 0 than at 4 >0 = Therefore, the tadpole 
expansion first breaks down around <t>o = 0. As we have seen, the endpoint of the 
resummation flow for cf >0 = 0 is the local maximum corresponding to k = 2 in (ETKTli . 
that is reached for £ < 1. At £ = 1, however, the two extrema corresponding to 
k = 1 and k = 2 coalesce with the inflection at —a/y/ 3, and hence there is no possible 
endpoint for the resummation flow. This is transparent in UEZD, since for £ > 1 the 
£ expansion clearly breaks down. It should therefore be clear why, if the potential 
is deformed too extensively, corresponding to £ > 1, a perturbative expansion 
around the extrema v = ±a, 0 in powers of £ is no longer possible. Another key 
issue that should have emerged from this discussion is the need for an independent, 
small expansion parameter when tadpoles are to be treated perturbatively. In this 
example, as anticipated, the expansion parameter £ can be simply related to the 
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potential according to 


3\/3 V' 
~CL V" 


(3.73) 


that is indeed small if c is small. 

It is natural to ask about the fate of the points 0o = ±a/2 of the previous 
example (13.5111 when the magnetic field c is turned on. Using the parameters yt in 
(jSSSJ, the condition determining these special points, y\ = 2/2/3, is equivalent to 


V' = 3 0 O V" . 


(3.74) 


It is readily seen that the solutions of this cubic equation are precisely 0 q = —v/2, 
if v denotes, collectively, the three extrema solving ( 13 . 6511 . Hence, in this case 
(cj)} = —20o = v, confirming the persistence of these non-renormalization points. In 
the present case, however, there is a third non-renormalization point, 0o = ~Vk= 2 / 2 , 
that for small values of £ is well inside the convergence region. This last point 
clearly admits an interpretation in terms of tadpole resummations, and the possible 
existence of effects of this type in String Theory raises the hope that explicit vacuum 
redefinitions could be constructed in a few steps for special values of the string 
coupling and of other moduli. 


3.3.1 On Newton’s Tangent Method and the Quartic Potential 

It is actually simple to prove that, if one starts with 0o in region 1, one ends up in 
the vacuum < 0 >= —a, while if one starts in region 3 one ends up in < 0 >= +a, 
without ever crossing the barrier. This is due to the fact that the function V' is 
convex in those regions, and that at the corresponding extrema it has opposite signs. 
This implies that there is only one zero, and that Newton’s series converges to it. On 
the other hand region 2, to which we now turn, is far richer, even though, in some 
sense, it is “non-perturbative”. Hence, our discussion will rely directly on Newton’s 
method, but will be only loosely related to the conventional field theory expansion. 

The inflections are “initial points” where the series clearly diverges, since V" 
vanishes there. If we enter region 2 and move to the left of a/y /3 (of course, going 
to the right of —a/y/3 would lead to very similar results), the first iteration falls 
in region 1, while the successive ones lead inevitably to < 0 >= —a. Therefore, 
in this case Newton’s method leads to barrier crossing, and this happens until one 
hits a point that we will call of the “y-class”, that we shall denote by y±. Starting 
from this point, the first iteration crosses the barrier and hits the 0-axis exactly at 
~a/V 3. ?/i solves the equation 


2\/3x 3 + 3 ax 2 — a 3 = 0 
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Hence, after the first iteration, y\ leads to a divergence. The region = {yi < 
4 >o < a/y/ 3} is therefore the hrst “barrier-crossing” region: starting there, one ends 
up on the opposite side, at < (j> >= —a. This region, in particular, contains the 
“non renormalization point” a/2, that solves the equation 

2.x 3 + 3 ax 2 — a 3 = 0 

Moving to the left of y\ , another region opens up. This can be seen noticing that 
the first iteration intersects the </>-axis to the right of —a/y/ 3, in such a way that the 
second iteration ends inevitably inside region 3. Consequently, Newton’s method 
now leads to < <f> >= +a after an infinite number of steps and after crossing the 
barrier. Again, this happens until one hits a point, that we will call of the “z- 
class”, say z\, such that the second iteration exactly intersects the </>-axis at the 
point a/y/ 3, bringing again to a divergence. It should be noticed that the region 
Z\ = {zi < (f >o < y±} is again of “barrier-crossing type” (or, better, of “bouncing 
type”), but the final vacuum is now < >= +a. It can also be thought of as the 

region such that, after the first iteration, leads exactly to the opposite of Ti region, 
because the iteration of z\ falls exactly, by definition, onto —y\. 

The nature of the iterative procedure should now be apparent: moving to the left 
of z i, one meets another “y-class” region, T 2 = { 2/2 < 4 >o < z i}i where 1 J 2 now leads 
exactly to y\ after two iterations, and to the left inflexion point —a/y/3 after three 
iterations. To the left of 2 / 2 , there is the second “z-class” region, Z 2 = {Z 2 < </>o < 
2 / 2 }; where Z 2 falls on zi after two iterations, and on the inflection point a/y/3 after 
four iterations, and so on. There is hence a countable infinity of “y-class” regions 
y n = {Un < 4 >0 < z n-i}, that alternate with “z-class” regions Z n = { z n < </>o < y n }- 
These regions become smaller and smaller as n increases, and accumulate around a 
limiting point that delimits the region of convergence to < (j> >= 0. This point is 
characterized by the fact that the first iteration leads to minus itself, in such a way 
that, V' being odd, the second iteration returns back to the original point. This 
peculiar point solves the equation 


S 2 

x — ax 

X X — z o" 5 

6 x z — a z 

and is exactly x = a/yfb. As a result, aside from the two series of y n and Z n regions, 
there is the third region starting from which one ends at the maximum <(/)>= 0, 
namely O = {—a/y /5 < </>o < a/y/ 5}. 
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3.4 Branes and tadpoles 

3.4.1 Codimension one 

Models whose tadpoles are confined to lower-dimensional surfaces are of particular 
interest. In String Theory there are large classes of examples of this type, including 
brane supersymmetry breaking models EH HU, intersecting brane models 123123 M 
and models with internal fluxes 123- If the space transverse to the branes is large, 
the tadpoles are ” diluted” and there is a concrete hope that their corrections to 
brane observables be small, as anticipated in m- In the codimension one case, 
tadpoles reflect themselves in boundary conditions on the scalar (dilaton) field and 
hence on its propagator, and as a result their effects on the Kaluza-Klein spectrum 
and on brane-bulk couplings are nicely tractable. 

Let us proceed by considering again simple toy models that display the basic fea¬ 
tures of lower-dimensional tadpoles. The internal space-time is taken to be S 1 /Z 2 , 
with S 1 a circle, and the coordinate of the circle is denoted by y: in a string real¬ 
ization its two endpoints y = 0 and y = irR would be the two fixed points of the 
orientifold operation Q' = Q n y , with Ii y the parity in y. We also let the scalar field 
interact with a boundary gauge field, so that 

s = f d 4 x J dyj ~^(d(j)) 2 - (t 0 + y 4> 2 - (j) tr (F 2 )^) S(y - nR) j . 

(3.75) 

The Lagrangian of this toy model describes a free massless scalar field living in the 
bulk, but with a tadpole and a mass-like term localized at one end of the interval 
[0, ttR]. In String Theory, both the mass-like parameter m and the tadpole T in the 
examples we shall discuss would be perturbative in the string coupling constant g s . 
Any non-analytic IR behavior associated with the possible emergence of 1 /m terms 
would thus signal a breakdown of perturbation theory, according to the discussion 
presented in the first Section of this Chapter. Notice that, for dimensional reasons, 
the mass term is proportional to m, rather than to m 2 as is usually the case for bulk 
masses. 

The starting point is the Kaluza-Klein expansion 

= Mv)+ ^2xk{y) 4>k(x), (3.76) 

k 

where 4> c (y) is the classical field and the </>fc(x) are higher Kaluza-Klein modes. The 
classical field <j> c = — T/m solves the simple differential equation 



(3.77) 
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in the internal space, with the boundary conditions 

<t> c = 0 at y = 0 , 

<j) c = — T — m 4> c at y = nR , (3.78) 

while the Kaluza-Klein modes satisfy in the internal space the equations 

Xk + Xk = 0 , (3.79) 


with the boundary conditions 

Xk = 0 at V = 0 > 

X k = ~ m Xk at at y = nR . (3.80) 

The corresponding solutions are then 

Xk(y) = A k cos (M k y) , (3.81) 


where the masses Mk of the Kaluza-Klein modes are determined by the eigenvalue 
equation 

Mk tan (. MkTrR ) = m . (3.82) 

The classical vacuum energy can be computed directly working in the “right” 
vacuum. To this end, one ignores the Kaluza-Klein fluctuations and evaluates the 
classical action in the correct vacuum, as determined by the zero mode, with the 
end result that 

A » = - ^ ■ < 3 - 83 > 
One can similarly compute in the “right” vacuum the gauge coupling, obtaining 

-4 = - Mv = nR ) = — ■ (3.84) 

g z m 

It is amusing and instructive to recover these results expanding cj) around the 
“wrong” vacuum corresponding to vanishing values for both T and m. The Kaluza- 
Klein expansion is determined in this case by the Fourier decomposition 


<t>My) 




(3.85) 


where b$ 


1 and bk = \/2 for k / 0, that turns the action into 


Skk 



2 ^2 ^k M 2 kj (j>i 

Z k,l >0 


r E 


h(~) k 

V nR, 



(3.86) 
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Here we are ignoring the kinetic term, since the vacuum energy is determined by 
the zero momentum propagator, while the mass matrix is 

■M-h = ~d2 + —75 bkh (-) k+l . (3.87) 


The eigenvalues of this infinite dimensional matrix can be computed explicitly 
using the techniques in m- It is actually a nice exercise to show that the character¬ 
istic equation defining the eigenvalues of is precisely HU, and consequently 

that the eigenvectors of (TUTfl) are the fields Xk defined in HSU). In fact, multiplying 
HEU by normalized eigenfunctions gives 


so that 


and therefore 




k 

1 ’ nR 


A 2 -# 


<fc|A> = H = Mx 


h(-) k 

k 2 _ \ 2 

w A 


00 


E 


bl 


A 2 


k 2 

~ w 


irR 

m 


(3.88) 


(3.89) 


(3.90) 


The sum can be related to a well-known representation of trigonometric functions 

m, 

X 00 b 2 

cotg(A7 tR) = — Y, x2 k k 2 - (3.91) 

n k =0 A “ W 

and hence the eigenvalues of HSU coincide with those of HHU- In order to compute 
the vacuum energy, one needs in addition the k-component of the eigenvector | A), 
that can be read from (13.881) . The normalization constant A/a in HSU is then 
determined by the condition 


1 


<A| A) 



NJ d_ \ - b 2 k 

2A dA frof-A 2 ’ 


(3.92) 


that using again eq. HHU) can be put in the form 


Ml 


2m 2 X 2 1 

ir 2 R 2 A 2 + a 2 


(3.93) 


with 

a 2 = —— (1 + 7T Rm) . (3.94) 

nR 

Notice that in the limit Rm « 1, that in a string context, where m would be 
proportional to the string coupling, would correspond to the small coupling limit 
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0, the physical masses in (13.821) are approximately determined by the solutions of 
the linearized eigenvalue equation, so that 


Mi = 


Mi 9 * 


m 


7 tR ’ 

k 2 m 

A " 2 +2 ^r ' 


(3.95) 


One can now recover the classical vacuum energy using eq. (EH71) . 


A 0 = -- ^2 A (fc) (yi = nR) (k\V(0 ;yi = nR,y 2 = nR)\l) A w % 2 = nR) , 

(3.96) 


kl 


that after inserting complete sets of eigenstates becomes 


An = — 


rpZ 

2VR 


£ hb,(-) t+ ' A <*aI0 


A? 


A ,k,l 


E9- E 


K 


2nR^ A 2 

A 


1.2 \ o I ^ 

fc =o W ~ X J 

(3.97) 


or, equivalently, using eq. dsmm) 


= y 1 

nR ^ A 2 + a 2 

A 


(3.98) 


The sum over the eigenvalues in TO can be finally computed by a Sommerfeld- 
Watson transformation, turning it into a Cauchy integral according to 


E 


1 


1 f dz 1 (1 + mnR) sin(nRz) + nRz cos(nRz) 


A 2 + a 2 2 J 2ni z 2 + a 2 


zsin(nRz) — mcos(nRz) 


(3.99) 


The path of integration encircles the real axis, but can be deformed to contain only 
the two poles at z = ±ia. The sum of the corresponding residues reproduces again 
(ETKifli , since 


1 (1 + mnR) sinh(7ri?a) + nRa cosh(7r Ra) nR 

2a a sinh(7r Ra) + m cosh(7r Ra) 2m ’ 


(3.100) 


where we used the definition of a in (3m even though the computation was now 
effected starting from a wrong vacuum. 

It is useful to sort out the contributions to the vacuum energy coming from the 
zero mode Aq 0 ^ and from the massive modes A^ n> . In a perturbative expansion using 
eq. (13.951) . one finds 



A M ~ 

7V o — 


rp2 

2 m 




(3.101) 
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Notice that the correct result (EHH) for the classical vacuum energy is completely 
determined by the zero mode contribution, while to leading order the massive modes 
simply compensate the perturbation introduced by the tadpole, that in String The¬ 
ory would be interpreted, by open-closed duality, as the one-loop gauge contribution 
to the vacuum energy. In a similar fashion, in the wrong vacuum the gauge coupling 
can be read simply from the amplitude with two external background gauge fields 
going into a dilaton tadpole. In this case there are no other corrections with internal 
gauge lines, since we are only considering a background gauge held. The result for 
the gauge couplings is then 


ttR 


£ h M-) k+l (k\*x) ^ <*AlO 


A ,k,l 


Tv sl 

wR ^ A 2 

A 


so that using eq. dm for and performing the sum as 

recover the correct answer, displayed in (EES)- 


£ 


<Z 


k 2 — \ 2 
\k =o W A , 


(3.102) 

above one can again 


3.4.2 Higher codimension 

Antoniadis and Bachas argued that in orientifold models the quantum corrections to 
brane observables m have a negligible dependence on the moduli of the transverse 
space for codimension larger than two. This result is due to the rapid falloff of the 
Green function in the transverse space, but rests crucially on the condition that the 
global NS-NS tadpole conditions be fulfilled. In this Subsection we would like to 
generalize the analysis to models with NS-NS tadpoles, investigating in particular 
the sensitivity to scalar tadpoles of the quantum corrections to brane observables. 
To this end, let us begin by generalizing to higher codimension the example of the 
previous Subsection, with 


S = 




(r<j> + <5 (n) (?/)} 


(3.103) 


The correct vacuum and the correct classical vacuum energy in this example are 
clearly 

= - ^2 , A ° = - ^2 • ( 3 - 104 ) 

For simplicity, we are considering a symmetric compact space of volume V n = (ttR) n , 
so that the Kaluza-Klein expansion in the wrong vacuum is 


<Kx,y) 


l 


VK 


n 


£n 


b ki cos 


hVi V 

R ). 


</> (k) (x) • 


(3.105) 
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After the expansion, the action reads 


Skk = 


rf4x » 


(3.106) 


where, as in the previous Subsection, we neglected the space-time kinetic term, that 
does not contribute, and where the mass matrix is 


m 


Aljd — ^ <5k.i + -y- b k b\ 


(3.107) 


In this case the physical Kaluza-Klein spectrum is determined by the eigenvalues 
A of the mass matrix (13.1071) . and hence is governed by the solutions of the “gap 
equation” 

m* 

Vn 


i = ULy' 

v. 


bl 


\ 2 _ k 2 

A W 


(3.108) 


We thus face a typical problem for Field Theory in all cases of higher codi¬ 
mension, the emergence of ultraviolet divergences in sums over bulk Kaluza-Klein 
states. In String Theory these divergences are generically cut off 2 at the string 
scale jkj < RM S , and in the following we shall adopt this cutoff procedure in all 
UV dominated sums. In the small tadpole limit Rm « 1, approximate solutions 
to the eigenvalue equation can be obtained, to lowest order, inserting the Kaluza- 
Klein expansion (13.1051) in the action, while the first correction to the masses of the 
lightest modes can be obtained integrating out, via tree-level diagrams, the heavy 
Kaluza-Klein states. In doing this, one finds that to first order the physical masses 
are given by 


Ml = 

9 

m 

( m 2 

( 1 ~b C —~r T 

Vn 

V M 2 


k 2 

2 

m 

M k = 

R 2 

+ 2 - + ---. 

v n 


(3.109) 

The would-be zero mode thus acquires a small mass that, as in the codimension-one 
example, signals a breakdown of perturbation theory, whereas the corrections to the 
higher Kaluza-Klein masses are very small and irrelevant for any practical purposes. 
We would like to stress that the correct classical vacuum energy (|3. 1041) is precisely 
reproduced, in the wrong vacuum, by the boundary-to-boundary propagation of the 
single lightest mode, since 

-l 


IT (m 2 

° I ~2 Wn VK 


T 


(3.110) 


2 The real situation is actually more subtle. These divergences are infrared divergences from 
the dual, gauge theory point of view, and are not regulated by String Theory m ■ However, this 
subtlety does not affect the basic results of this Section. 
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while the breaking of string perturbation theory is again manifest in the nonanalytic 
behavior as m —> 0, so that the contribution (13.1101) is actually classical. On the 
other hand, as expected, the massive modes give contributions that would not spoil 
perturbation theory and that, by open-closed duality, in String Theory could be 
interpreted as brane quantum corrections to the vacuum energy. This conclusion 
is valid for any brane observable, and for instance can be explicitly checked in this 
example for the gauge couplings. This strongly suggests that for quantities like 
differences of gauge couplings for different gauge group factors that, to lowest order, 
do not directly feel the dilaton zero mode, quantum corrections should decouple 
from the moduli of the transverse space, as advocated in EH- The main effect of 
the tadpoles is then to renormalize the tree-level (disk) value, while the resulting 
quantum corrections decouple as in their absence. 


3.5 On the inclusion of gravity 

The inclusion of gravity, that in the Einstein frame enters the low-energy effective 
held theory of strings via 

S = W J dVx ^^{ R ~\^ 2 ^ ’ (3.111) 

presents further subtleties. First, one is dealing with a gauge theory, and the dilaton 
tadpole 

5S = -T f d v x ^ e b,p , (3.112) 

when developed in a power series around the wrong Minkowski vacuum according 
to 

9fj.v — T 2 k h^ v , (p — ip 0 T \/2 k (f> , (3.113) 

appears to destroy the gauge symmetry. For instance, up to quadratic order it 
results in tadpoles, masses and mixings between dilaton and graviton, since 

h llv h lw — + kb(j)h + —0 2 + • ■ ■ > 

(3.114) 

where h denotes the trace of h IUJ . If these terms were treated directly to define the 
graviton propagator, no gauge fixing would seem to be needed. On the other hand, 
since the fully non-linear theory does possess the gauge symmetry, one should rather 
insist and gauge £x the Lagrangian as in the absence of the tadpole. Even when 
this is done, however, the resulting propagators present a further peculiarity, that is 
already seen ignoring the dilaton: the mass-like term for the graviton is not of Fierz- 
Pauli type, so that no van Dam-Veltman-Zakharov discontinuity m is present and 


T\f^g e btp = Te Vo 


1 + kh + b(f) — k 2 
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a ghost propagates. Finally, the mass term is in fact tachyonic for positive tension, 
the case of direct relevance for brane supersymmetry breaking, a feature that can 
be regarded as a further indication of the instability of the Minkowski vacuum. 

All these problems notwithstanding, in the spirit of this work it is reasonable 
to explore some of these features referring to a toy model, that allows to cast the 
problem in a perturbative setting. This is obtained coupling the linearized Einstein 
theory with a scalar field, adding to the Lagrangian (13.11111 

5C = -^((p 2 - a 2 ) 2 + - h 2 ) + (cf 2 - a 2 )(h 2 + bh) . (3.115) 

This model embodies a couple of amusing features: in the correct vacuum ((f)) = 
a, the graviton mass is of Fierz-Pauli type and describes five degrees of freedom in 
T> = 4, the vacuum energy vanishes, and no mixing is present between graviton and 
dilaton. On the other hand, in the wrong vacuum (<f>) = a(l + e), the expected 0(e) 
tadpoles are accompanied not only by a vacuum energy 

A 0 = -x— e 2 , (3.116) 

6 

but also by a mixing between h and <f> and by an 0(e) modification of the graviton 
mass, so that to quadratic order 

5C —> -^(4e 2 a 4 +8a 3 e(f>+4a 2 (j) 2 )+ 1 ^-(h f i iU h fJ ’ u —h 2 )+2ea 2 (bh+h 2 )+2ab(j)h . (3.117) 


Hence, in this model the innocent-looking displacement to the wrong vacuum actu¬ 
ally affects the degrees of freedom described by the gravity field, since the perturbed 
mass term is no more of Fierz-Pauli type. It is instructive to compute the first 
contributions to the vacuum energy starting from the wrong vacuum. To this end, 
one only needs the propagators for the tensor and scalar modes at zero momentum 
to lowest order in e, 
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There are three 0(e 2 ) corrections to the vacuum energy, 
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2bV + ^f(l-V) 
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— -A6e 2 a 4 X> -—^- , 

3 2bV + ^f(l-V) 
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1 


2bV + ^f(l-V) 


(3.120) 

(3.121) 


coming from tensor-tensor, tensor-scalar and scalar-scalar exchanges, according to 
eq. (TTTHi . and their sum is seen by inspection to cancel the contribution from the 
initial wrong choice of vacuum. Of course, there are also infinitely many contribu¬ 
tions that must cancel, order by order in e, and we have verified explicitly that this 
is indeed the case to 0(e 3 ). The lesson, once more, is that starting from a wrong 
vacuum for which the natural expansion parameter \ V'/V"\ is small, one can recover 
nicely the correct vacuum energy, even if there is a ghost field in the gravity sector, 
as is the case in String Theory after the emergence of a dilaton tadpole if one insists 
on quantizing the theory in the wrong Minkowski vacuum. 







Chapter 4 


Tadpoles in String Theory 


4.1 Evidence for a new link between string vacua 

We have already stressed that supersymmetry breaking in String Theory is gen¬ 
erally expected to destabilize the Minkowski vacuum EDI, curving the background 
space-time. Since the quantization of strings in curved backgrounds is a notoriously 
difficult problem, it should not come as a surprise that little progress has been made 
on the issue over the years. There are some selected instances, however, where some¬ 
thing can be said, and we would like to begin this Chapter by discussing a notable 
example to this effect. 

Classical solutions of the low-energy effective action are a natural starting point 
in the search for vacuum redefinitions, and their indications can be even of quantita¬ 
tive value whenever the typical curvature scales of the problem are well larger than 
the string scale and the string coupling is small throughout the resulting space time. 
If the configurations thus identified have an explicit string realization, one can do 
even better, since the key problem of vacuum redefinitions can then be explored at 
the full string level. Our starting point are some intriguingly simple classical config¬ 
urations found in M- As we shall see, these solutions allow one to control to some 
extent vacuum redefinitions at the string level in an interesting case, a circumstance 
of clear interest to gain new insights into String Theory. 

Let us therefore consider the type-I’ string theory, the T-dual version of the 
type-I theory, with D 8 /O 8 brane/orientifold systems that we shall describe shortly, 
where for simplicity all branes are placed at the end points y = 0 and y = ttR of the 
interval S 1 , the fixed points of the orientifold operation. Let us also denote by 

To (go) the tension (R-R charge) of the D 8 /O 8 collection at the origin, and by T\ 
( q \) the tension (R-R charge) of the D 8 /O 8 collection at the other endpoint y = nR. 
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The low-energy effective action for this system then reads 

- f d 9 x (T 0 \/—7 e~ v + q 0 A 9 ) - f d 9 x e ~<p + qi A 9 ) , 

J v=0 J u=ttR 


(4.1) 


where we have included all lowest-order contributions. If supersymmetry is broken, it 
was shown in EH that no classical solutions exist that depend only on the transverse 
y coordinate, a result to be contrasted with the well-known supersymmetric case 
discussed by Polchinski and Witten in [Hi, where such solutions played an important 
role in identifying the meaning of local tadpole cancellation. It is therefore natural 
to inquire under what conditions warped solutions can be found that depend on y 
and on a single additional spatial coordinate z, and to this end in the Einstein frame 
one can start from the ansatz 

ds 2 = e 2A ^rj^dx^dx u + e 2B ^ z \dz 2 + dy 2 ) . (4.2) 

If the functions A and B and the dilaton <p are allowed to depend on y and on 
z, the boundary conditions at the two endpoints 0 and irR of the interval imply the 
two inequalities EH 

T 2 < q 2 , T 2 < q 2 , (4.3) 

necessary but not sufficient in general to guarantee that a solution exist. As shown 
in EH: the actual solution depends on two parameters, A and uj, that can be related 
to the boundary conditions at y = 0 and y = nR according to 


cos (a;) = -T 0 /\q 0 \ , cos(7rAT + u;) = Ti/|<?i| , (4.4) 


and reads 
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3^ 2 |<?q| 
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e Xz sin(A|y| + u) 
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e A2 sin(A|y| + uj) 


$ _ „-56 0 /6-v:o/24 


e = e 


G 0 + 


3 ^ 2 k0| 


2A 


e sin(A|y| + uj) 


(4.5) 


where bo, (fo and Go are integration constants. The z coordinate is noncompact, and 
as a result the effective Planck mass is infinite in this background. There are singu¬ 
larities for z —>■ ±oo and, depending on the sign of Go and on the numerical values of 
A and uj, the solution may develop additional singularities at a finite distance from 
the origin in the ( y, z) plane. 
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This solution can be actually related to the supersymmetric solution of [Hj- In¬ 
deed, the conformal change of coordinates 

Y = e Xz sin(Ay + u>) , Z = \- e Xz cos(Ay + u) , (4.6) 

A A 

or, more concisely 

p ioj 

Z + iY = — e x ^ z+i y) , (4.7) 

A 

maps the strip in the (y. z ) plane between the two O planes into a wedge in the 
(Y, Z) plane and yields for y > 0 the space-time metric 


ds 2 


G 0 + 


3^ 2 1 g 0 

2 



dx y dx v + dY 2 + dZ‘ 


(4.8) 



Figure 4.1: Eq. (EH) maps a strip in the ( y , z) plane to a wedge in the (Y, Z) plane 


Notice that (Oil is the metric derived by Polchinski and Witten in the su¬ 
persymmetric case, but for one notable difference: here the Y direction is not com¬ 
pact. On the other hand, in the new coordinate system (Y. Z) the periodicity under 
y —> y + 2irR reflects itself in the orbifold identification 

Z + iY -*• e 2niXR (Z + iY) , (4.9) 

a two-dimensional rotation TZg in the (Y, Z) plane by an angle 6 = 2nXR. In addition, 
the orientifold identification y —> —y maps into a parity Ily times a rotation 1 Z 2 uj 
by an angle 2 ui, so that the new 0 projection is 

n' = n u Y n 2iJ , ( 4 . 10 ) 

where O denotes the conventional world-sheet parity. Notice that both the metric 
and the dilaton in (TOli depend effectively on the real part of an analytic function, 
and thus generally on a pair of real variables, aside from the case of where the 
function is a linear one, so that one of the real variables actually disappears. This 
simple observation explains the special role of the single-variable solution of jg] in 
this context. 
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As sketched in fig. EH the exponential mapping turns the region delimited by 
the two parallel fixed lines of the orientifold operations in the (y, z) plane into a 
wedge in the (Y. Z ) plane, delimited by the two lines 

f l' \ Y = tana; Z , 

il! TZ 2 it\r '■ Y = tan(- 7 rAi? + uj) Z , (4-11) 

so that the orientifolds and the branes at y = 0 form an angle 9$ = uj with the Z 
axis, while those at y = nR form an angle 9\ = nXR + uj. Notice that the orbifold 
identification (EH) implies that in general the two-dimensional (Y, Z) plane contains 
singularities. In order to avoid subtleties of this type, in what follows we restrict 
our attention to a case where this complication is absent. 

The example we have in mind is a variant of the M-theory breaking model of Wi¬ 
lts oriented closed part is related by a T-duality to a Scherk-Schwarz deformation 
of the toroidally compactified IIB spectrum of ESI, described by 

T = (|Y 8| 2 + |58| 2 )A m ,2n + (| 08| 2 + |C 8 | 2 )A m , 2n+1 

~ (^ 8*^8 + ‘S 8 4'8)A m+ i/2,2n ~ (08^8 + CgOs) A m+ i/ 2 , 2 n+l • (4.12) 

Here the A’s are toroidal lattice sums, while the orientifold operation is based on 
fl' = nni, with ni the inversion along the circle, corresponding to the Klein-bottle 
amplitude 

K. = i{( V 8 -S 8 )W 2n + (Os-C 8 )W 2n+1 } , (4.13) 

where the IT’s are winding sums, and introduces an 08+ plane at y = 0 and an 
08+ plane at y = nR. For consistency, these demand that no net R-R charge be 
introduced, a condition met by N pairs of D 8 -O 8 branes, where the choice N = 16 
is singled out by the connection with M-theory EDI- a simple extension of the 
arguments in m shows that the unoriented closed spectrum described by EH 
and EH precisely interpolates between the type I string in the R —> oo limit 
and the type OB orientifold with the tachyonic orientifold projection of m , to be 
contrasted with the non-tachyonic 0 1 B projection of [Hamms], in the R —> 0 limit. 

In order to obtain a classical configuration as in (TOli . without tachyons in the 
open sector, one can put the N D 8 branes on top of the 08+ planes and the N D 8 
branes on top of the 08+ planes. This configuration differs from the one emphasized 
in m and related to the phenomenon of “brane supersymmetry”, with the D8 on top 
of the 08+ and the D 8 on top of the 08+, by an overall interchange of the positions 
of branes and anti-branes. This has an important physical effect: whereas in the 
model of EDI both the NS-NS tadpoles and the R-R charges are locally saturated 
at the two endpoints, in this case there is a local unbalance of charges and tensions 





4.1. Evidence for a new link between string vacua 


127 


that results in an overall attraction between the endpoints driving the orientifold 
system toward a vanishing value for the radius R. 

The resulting open string amplitudes 1 


A 

M 




2 

N + M 


(Vs - S s )W n + NM(Os - C 8 )W n+1/2 
N + M - 

V 8 w n - -±—s 8 (-i) n w n , 


(4.14) 


describe matter charged with respect to an SO(N ) x SO(M) gauge group, where 
N = M on account of the R-R tadpole conditions, with nine-dimensional massless 
Majorana fermions in the symmetric representations (N(N + 1)/2,1) and (1,M(M + 
l)/2) and massive fermions in the bi-fundamental representation (N,M). Notice 
that tachyons appear for small values of R. This spectrum should be contrasted 
with the one of m exhibiting “brane supersymmetry”, where the massless fermions 
are in antisymmetric representations. It is a simple exercise to evaluate tensions and 
R-R charges at the two ends of the interval: 


T 0 = (N - 16 )T 8 , T\ = (N — 16)T 8 , 

q 0 = - (N + 16)T S , qx = (N + 16)T 8 . (4.15) 


These translate into corresponding values for the parameters A and lo of the classical 
solution in (Era . that in this case are 


1 


R ’ 


COSCJ = 


16 -N 
16 + N ' 


(4.16) 


Hence, in the new coordinate system EOil) the orbifold operation El becomes a 
27 t rotation, and can thus be related to the fermion parity (—1)^, while the orientifold 
operation f V combines a world-sheet parity with a rotation. Notice also that XttR = 
it , and therefore the 0+ and 0+ planes are actually juxtaposed in the (Y, Z) plane 
along the real axis Y = 0, forming somehow a bound state with vanishing total 
R-R charge. To be precise, the 0_|_ plane lies along the half-line Y = 0, Z > 0, 
while the 0+ plane lies along the complementary half-line Y = 0, Z < 0. The end 
result is that in the (Y, Z) plane one is describing the OB (or IIB/(—l) F ) string, 
subject to the orientifold projection fl' = HHy, where Y, as already stressed, is here 
a noncompact coordinate. By our previous arguments, all this is somehow equivalent 
to the type IIB orientifold compactified on a circle that we started with. In more 
physical terms, the attraction between the sets of D(D ) branes and 0(0) planes at 
the ends of the interval drives them to collapse into suitable systems of T-branes 
and O-planes carrying no net R-R charge, that should be captured by the static 


1 This model was briefly mentioned in m and was further analyzed in m- 
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solutions of the effective action (EU, and these suggest a relation to the OB theory. 
In this respect, a potentially singular fate of space time opens the way to a sensible 
string vacuum. We would like to stress, however, that the picture supplied by the 
classical solution EH is incomplete, since the origin Y = Z = 0 is actually the site 
of a singularity. Indeed, the resulting O-plane system has no global R-R charge, 
but has nonetheless a dipole structure: its Z < 0 portion carries a positive charge, 
while its Z > 0 portion carries a negative charge. While we are not able to provide 
more stringent arguments, it is reasonable to expect that the condensation of the 
open and closed-string tachyons emerging in the R —> 0 limit can drive a natural 
redistribution of the dipole charges between the two sides, with the end result of 
turning the juxtaposed O and O into a charge-free type-0 orientifold plane. If this 
were the case, not only the resulting geometry of the bulk, but also the D/O systems, 
would become those of the OR string. 

In order to provide further evidence for this, let us look more closely at the type 
OB orientifold we identified, using the original ten-dimensional construction of ISL- 
The OB torus amplitude is |BE] 

T = (|0 8 | 2 + |R 8 | 2 + |S 8 | 2 + |C 8 | 2 ) , (4.17) 


while the orientifold operation includes the parity hi 7 = filly, so that the Klein- 
bottle amplitude 

1C = \ (0 8 + V 8 -S 8 -C 8 ) (4.18) 

introduces an 08 plane at Y = 0, without R-R charge and with a tension that 
precisely matches that of the type-IIB 08-08 bound state. In general the type-0 
orientifold planes, being bound states of IIB orientifold planes, have in fact twice 
their tension. In the present case, the parity Ily along a noncompact coordinate 
sends one of the orientifold planes to infinity, with the net result of halving the total 
tension seen in the (Y, Z ) plane. 

One can also add to this system two different types of brane-antibrane pairs, and 
the open-string amplitudes read m 


A = 


n o + + n‘ c 


V 8 + (n 0 n v + n s n c ) 0 8 


M = - 


(n s n v + n c n 0 ) S 8 - ( n s n a + n c n v ) C 8 , 
n v + n Q + n s + n c 


V 8 


(4.19) 


while the corresponding R-R tadpole conditions are 


n 0 = n v = N , n s = n c = M . (4.20) 

The gauge group of this type-0 orientifold, SO(N) 2 x SO(M ) 2 , becomes remark¬ 
ably similar to that of the type-II orientifold we started from, provided only branes 
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of one type are present, together with the corresponding antibranes, a configura¬ 
tion determined setting for instance M = 0. The resulting spectrum is then purely 
bosonic, and the precise statement is that, in the R —> 0 limit, the expected end¬ 
point of the collapse, the spectrum of the type-II orientifold should match the purely 
bosonic spectrum of this type-0 orientifold, as was the case for their closed sectors. 
Actually, for the geometry of the D/O configurations this was not totally evident, 
and the same is true for the open spectrum, due to an apparent mismatch in the 
fermionic content, but we would like to argue again that a proper account of tachyon 
condensation does justice to the equivalence. 

The open-string tachyon T a j of the type-II orientifold is valued in the bi-fundamental, 
and therefore carries a pair of indices in the fundamental of the SO(N) x SO(N) 
gauge group. In the R —> 0 limit, all its Kaluza-Klein excitations acquire a negative 
mass squared. These tachyons will naturally condense, with < T a i >= T(y) 5 a i, 
where T(y) denotes the tachyonic kink profile, breaking the gauge group to its di¬ 
agonal SO(N) subgroup, so that, after symmetry breaking and level by level, the 
fermions will fall in the representations 

C (k+ 1/2) . N(N- 1 ) + N(N+ 1 ) ^ 

s (2k) . N ( N + !) 5 5 (2fc+i) . N ( N ~ 1 ) _ (-4 21) 


In the R —> 0 limit the appropriate description of tachyon condensation is in the 
T-dual picture, and after a T-duality the interactions within the open sector must 
respect Kaluza-Klein number conservation. Therefore the Yukawa interactions, that 
before symmetry breaking are of the type 


n{2k) r t,{k+l/2) T (k-l/2) 

'A ij) ± ai 

q {2k+l) r t,(k+l/2) T (k+l/2) 
° [ij] ± ai 


q {2k) r (k+l/2)r r t,{k-l/2) 
S (ab)^'bi 1 ia > 

q (2k+l) r (k+l/2) T t4k+l/2) 
^[a&l C 'bi 1 ia 


(4.22) 


will give rise to the mass terms , S^Cy^. The conclusion is that the final 

low-lying open spectra are bosonic on both sides and actually match precisely. 

A more direct argument for the equivalence we are proposing would follow from 
a natural extension of Sen’s description of tachyon condensation m • As we have 
already stressed, the 08 and 08 attract one another and drive the orientifold to a 
collapse. In the T-dual picture, the 09 and 09 condense into a non-BPS orientifold 
plane in one lower dimension, that in the R —> 0 limit becomes the type-0 orientifold 
plane that we have described above. This type of phenomenon can plausibly be 
related to the closed-string tachyon non-trivial profile in this model, in a similar 
fashion to what happens for the open-string tachyon kink profile in D-D systems. At 
the same time, after T-duality the D 9 and D 9 branes decay into non-BPS D8 branes 
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via the appropriate tachyon kink profile. Due to the new (—1)^ operation, these 
new non-BPS type-II branes match directly the non-BPS type-0 branes discussed 
in E2IEZI, since the (—1)^ operation removes the unwanted additional fermions. 
Let us stress that String Theory can resolve in this fashion the potential singularity 
associated to an apparent collapse of space-time: after tachyon condensation, the 
0-0 attraction can give birth to a well defined type-0 vacuum. 

In this example one is confronted with the ideal situation in which a vacuum 
redefinition can be analyzed to some extent in String Theory. In general, however, 
a string treatment in such detail is not possible, and it is therefore worthwhile to 
take a closer look, on the basis of the intuition gathered from Field Theory, at 
how the conventional perturbative string setting can be adapted to systems in need 
of vacuum redefinitions, and especially at what it can teach us about the generic 
features of the redefinitions. We intend to return to this issue in a future publication 

EU 

4.2 Threshold corrections in open strings and NS-NS 
tadpoles 

While NS-NS tadpoles ask for classical resummations that are very difficult to 
perform systematically, it is often possible to identify physical observables for which 
resummations are needed only at higher orders of perturbation theory. This happens 
whenever, in the appropriate limit of moduli space (infinite tube length, in the case 
of disk tadpoles), massless exchanges cannot be attached to the sources. Examples of 
quantities of such type are provided by the quantum corrections to gauge couplings, 
commonly known as threshold corrections m- If the tree-level gauge coupling is 
1 /g 2 , the one-loop threshold corrections A are defined as 

+ A(/x, 3>j) , (4.23) 

tree—level 

where A depends on the energy scale /r and on the moduli 

The study of quantum corrections to gauge couplings is very important from 
a phenomenological point of view. From Quantum Field Theory, we know that 
coupling constants run with energy due to the loop contributions of charged particles. 
Therefore, it is necessary to take into account the radiative corrections predicted by 
String Theory, in order to achieve a more realistic matching with the low-energy 
world, and indeed the study of threshold corrections is closely related to the issue of 
unification in supersymmetric theories. Moreover, as we said, threshold corrections 
depend on the moduli of the model in consideration, and the knowledge of this 
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dependence is important for the issue of moduli stabilization after supersymmetry 
breaking. 

Let us now discuss some properties of threshold corrections. From string com¬ 
putations one can see that A has the following general structure 

1 dt 

A - 11 T s < () ■ < 4 ' 24 > 

This integral is typically divergent in the (open) infrared limit, due to the massless 
charged particles circulating in the loop. Moreover, thinking of the model we want 
to study as compactified to four dimensions, for t —> oo A has to reproduce the 
correct logarithmic divergence of the four-dimensional low-energy effective field four- 
dimensional low-energy effective field theory. Therefore we expect that, in such a 
converge to the usual one-loop /3-function coefficient of the four-dimensional low 
energy gauge theory under consideration 

lim B(t) = b . (4.25) 

> oo 

where b is given by the usual formula 

6 = -yC 2 (adj) + |j/r(fl) + ij>(r), (4.26) 

R r 

with C 2 {adj) the quadratic Casimir of the adjoint representation, and T(R) and T(r) 
the Dynkin indices of the representation R for the four-dimensional Weyl fermions 
and of the representation r for the four-dimensional complex scalars 2 . 

On the other hand, the (open) ultraviolet limit, corresponding to the infrared 
£ —* oo limit in the transverse closed channel, in all supersymmetric cases is finite 
since the divergences arising from the propagation of massless closed states going 
into the vacuum are eliminated by tadpole cancellations. 

In this Section we are interested in the ultraviolet limit of one-loop threshold 
corrections for models with supersymmetry breaking and NS-NS tadpoles. We will 
consider at first the Sugimoto model compactified on T 6 . Then we will proceed to 
analyze the orbifold T 4 /Z 2 x T 2 , both in the case of brane supersymmetry breaking 
and in the supersymmetric case, but with the addition of a brane-antibrane system 
that breaks supersymmetry. Finally, we will analyze the C )'B model compactified 
on a torus T 6 . In all these models, that have parallel branes and are free of closed 
tachyons, we will show that the one-loop threshold corrections are ultraviolet fi¬ 
nite, despite the presence of uncancelled NS-NS tadpoles. One can understand this 

2 If we denote with T a the generators of a group, the quadratic Casimir CM-R) and the Dynkin 
index T(R) of a representation R are defined respectively by (T“(R)T“(R))' = C 2 (R)Sj and 
tr (T a (R)T b (R)) = T(R)5 ab . Moreover, if d(R) is the dimension of the representation R, the 
following relation dfRjC^fR) = d(adj)T(R) implies that C 2 (adj) = T(adj). 
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finiteness noting that in the l —> oo limit the string amplitudes acquire a field-theory 
interpretation in terms of dilaton and graviton exchanges between Dp-branes and 
Op-planes. For parallel localized sources, the relevant terms in the effective La- 
grangian are 


5 = 


AJ d '° x ^{ R - 

[ dP +1 A S- 

Jy=yi f 


■-(dutf _I_ p (5-p-2) l p/2 F 2 

! Wj 2 (p + 2)! 6 ^+ 2 


Tpe (p-3)v/4 + e (p-7V/4 trF 2^ 


+ 


qCtP+'A , 




(4.27) 


where £ are brane world-volume coordinates, q = ±1 distinguishes between branes 
or O-planes and antibranes or O-planes, G is the 10 -dinrensional metric, 7 is the 
induced metric and C < - p+l ' 1 denotes a R-R form that couples to the branes. The 
result for the one-loop corrections to gauge couplings, obtained using (TTT71) while 
treating for simplicity the K-K momenta as a continuum, is proportional to 


d 9 ~ p k 

(2tt) 9 -p 


-T^ (V V) 


rj pa + tr F 2 (ipip) 


(p ~ 3)(p — 7) 
16 


(4.28) 


where 


{h^ifhpa) — 2^.2 (pv-pPvcr + PiiaPup ^V/ivVpcr 


is the ten-dimensional graviton propagator in De Donder gauge, 

1 


<W> = 


k 2 


is the ten-dimensional dilaton propagator, and 

Tp,u = tr (FppFu ~ 


(4.29) 


(4.30) 


(4.31) 


is the vector energy-momentum tensor. 

The nice thing to notice in iTOftl is that the dilaton and graviton exchanges 
cancel precisely, source by source, in the threshold corrections, ensuring that the 
result is actually finite in spite of the presence of the dilaton and graviton tadpoles. 
This fact could be explained considering that in models with parallel branes with 
supersymmetry broken on the branes, the bulk is supersymmetric and therefore, in 
the (closed) infrared limit, threshold corrections are essentially given by supersym¬ 
metric expressions, actually, this type of argument applies also the non-tachyonic 
type 0 ’B orientifold. 


4.2.1 Background field method 

The main goal of this Section is the computation of the one-loop corrections to 
gauge couplings in a number of string models with supersymmetry breaking. We 
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will focus our attention on the ultraviolet behavior of such quantities, showing their 
UV finiteness in spite of the emergence of NS-NS tadpoles. Here, we review the 
background field method m, the tool we shall use to extract from the one-loop 
open partition functions the expressions for threshold corrections. 

The starting point is the one-loop vacuum energy that (in the Euclidean case) 
is provided by on 


r = 


v r°° dt r d D P 
2j e T i ( 2 tt) d 



(4.32) 


We now restrict the previous formula to the case of open strings for which M 2 = 
+ a). Performing the integral over momenta 


dp 
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(2vr) 
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, , .D 

(4-7rf) 2 


(4.33) 


after a rescaling of the integration variable, t = a'lrr, we obtain the general form of 
the annulus amplitude 


r = 


v D 


2(4a'7r 2 
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dr 


0 r 2 


+1 


Str 


(. N+a ) 


(4.34) 


The four-dimensional case is then recovered compactifying six dimensions on a torus, 
for example. Thus, let us fix D = 4 and add the sum over internal momenta 


P 


^ ^ g— a'lrr m T g 1 m 
m 


(4.35) 


Of course, we have to add also the Mobius contribution, that as usual is obtained 
from the annulus amplitude projecting it with the orientifold operation P = (1 + 
efi)/2, where H is the world-sheet parity, while e is a sign. Putting the factor 1/2 
of the orientifold projection inside the definition of A and A4, and considering the 
energy per unit volume, the general amplitudes for the unoriented open sector are 
given by 


A 

M 


1 

(8a'7r 2 ) 2 

1 

(Sa'vr 2 ) 2 



-*■ Str e -7rT (iV+a) P , 

T 6 

J Str (e- 7rT ( iV+ “) eH 


P . 


(4.36) 


We now turn on a background magnetic field, for example in the X 1 direction 


F 23 = BQ , (4.37) 

where X° ... X 3 are the uncompactified dimensions and Q is a generator of the 
gauge group, chosen with a suitable normalization 3 . The net effect of the magnetic 


3 We recall that with the normalization trQ 2 = 1/2, the Yang-Mills Lagrangian is C = A^trF 2 . 
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field on the open amplitudes m is to shift the oscillator frequencies of the complex 
coordinate X 2 + iX 3 by an amount e, where 

7 re = tan~ 1 {'Kq a B)+X,a,-nT l {-KqbB) , (4.38) 

and are the eigenvalues of the generator Q acting on the Chan-Paton charges 
at the left (right) endpoints of the string. Moreover, we fixed 2a' = 1, and we will 
use this convention in all the following computations. 

The partition functions in the presence of B are simply obtained replacing 

P^Pn with - (po) 2 + (pi) 2 +(2n + l)e + 2e £23 (4.39) 

and 

<£-£>/<5* with £-E)^E/^. («») 

bos ferm x bos ferm n= 0 J ' 

where n labels the Landau levels, (q a + q^B/2 -k is the degeneracy of Landau levels 
per unit area, and £ is the spin along the direction of the magnetic field. Thresh¬ 
old corrections at one-loop are then obtained expanding the total one-loop vacuum 
energy in terms of B j1f)2j 

A (B) = (T + K. + A(B) + M(B)) = A 0 + i (J^j A 2 + o(B 4 ) , (4.41) 

where the closed sector does not contribute to the expansion, since one can charge 
only the ends of open strings. The first term, Ao, is the one-loop cosmological 
constant and vanishes for a supersymmetric theory, while the quadratic term in 
the background field, A 2 , gives just the one-loop threshold corrections to gauge 
couplings. 

4.2.2 Sugimoto model 

Let us consider the Sugimoto model compactified on T 6 . We recall that the gauge 
group is USp( 32) and that the model contains N D9 branes and an 09_ plane 
and thus the NS-NS tadpole is not cancelled. The starting point to compute the 
threshold corrections is to write the open amplitudes. First of all we consider the 
case B = 0. The annulus and Mobius amplitudes, with their normalization and the 
integral and the contributions of the internal bosons explicitly displayed, are (see 
eq. (11.10511 with n + = 0 , = N = 32 , e^s = £r = +1) 

N 2 [dr (V 8 - S 8 ) (6) 

(47T 2 ) 2 J t 3 rf 

N [dr (Vs + Ss) {6) 

(4-7T 2 ) 2 J T 3 f) 8 


M 


(4.42) 
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where is defined as in (147351) . The integration moduli, ir /2 for the annulus 
amplitude and ir/2 + 1/2 for the Mobius strip, are understood. Expressing the 
so( 8 ) characters in terms of ^-functions (11.621) . the amplitudes read 


A = 

M = 



(4.43) 


where a and /3 are 0,1/2, and rj a p = (—) 2 a + 2 4l~ 4a ^. j n Appendix A we recall the 
definition of the Jacobi functions and some of their properties. 

At this point we turn on a background magnetic field, +23 = QB, where Q is a 
U{ 1) generator in the Cartan subalgebra of the gauge group USp( 32). The magnetic 
filed shifts the frequency of string oscillators by 


vre 


tan 1 (Tiq a B) + tan 1 (nq b B) ~ ir(q a + q h )B - ^(g 3 + ql)B' i , 


A 


2 tan 1 irq a B ~ 2irq a B — ^-q^B 3 . M 

(4.44) 

In practice, if the magnetic field acts only on two coordinates, in our case X 2 and 
X 3 , one has to perform the replacement 


a 

v ft 


( 0 | T ) 


v ft 


(ier/2|r) 


rj q 

for the two fermionic degrees of freedom affected by B , and 


1 


V 


rj 2 $i(zer/2) ’ 

for the bosonic coordinates. Then the amplitudes in the presence of B read 


(4.45) 


(4.46) 
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a, b=l 
32 


(47T : 
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J a= 1 q.,/3 
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(¥) 
+) -» 3 


p( 6 ) 




1+ P<«> , (4.47) 


and one can verify that in the small magnetic field limit these expressions reduce to 
the ones in 631- 

Since we are interested in the open ultraviolet limit, it is convenient to pass in 
the transverse channel where such a limit corresponds to the infrared £ —> 00 limit. 
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For the annulus amplitude the transformation is t = r/2 and then S : t —> 1/1. We 
get a factor 2~ 3 from the lattice sum and a factor 2 _1 from the integral measure, 
that together with the factor 1/2 from the normalization of A reconstruct the right 
power 2 -5 . For the Mobius strip one has to perform a P -modular transformation, 
it / 2 + 1/2 —► i/2t+ 1/2 and then make the substitution £ = t/2. From the measure 
we gain a factor 2, and defining 


w 


E 


— n£ n T gn/2a' 


and 


v™ = 


det g 


a 


r d ’ 


the amplitudes in the transverse channel are given by 


(4.48) 


(4.49) 
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(47T 2 ) 2 
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d£ E qa daf3 
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(f) « s 

a 
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[i) ■n 
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wj 6) , 


(4.50) 


where the integrands are computed for r = i£ for the annulus and for t = i£ + 1/2 
for the Mobius, and where as usual in the transverse Mobius only even windings 
propagate. Moreover, we used the fact that $ 2 , 3 , 4 ( 2 ) are even functions of z, while 
$i(z) is odd. At this point one can use the identity (|A. 131) 


= 2tffc/2) , (4.51) 


obtaining for the transverse amplitudes 
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2irB v^2~ 5 

(i^ 2 ) 2 
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*fc/2) 

7 ?i(e)?y 9 


W (®), 


4 t tBv^ f ^ d 2 (e/2)d 3 + df(e/4) 

(47T 2 ) 2 J ^ qa Me/2)if 




(4.52) 


The contribution proportional to df is what one would obtain in the supersymmetric 
case from the character Vs — Sg. Since JV = 1 in D = 10 corresponds to J\f = 4 in 
D = 4, one expects no threshold corrections from such a term. And in fact, since 
for small B 

d\(z) ~ 27t zrf , (4.53) 

the term proportional to df in the annulus and in the Mobius amplitudes starts at 
the quartic order in B, giving no corrections to gauge coupling. On the other hand, 
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the $2 term in the Mobius strip contributes to threshold corrections. Expanding the 
^-functions for a small magnetic field 

$ 2 (e/ 2 ) ~ d 2 + ^2 , 

M e / 2 ) - + = 1T erf + ^&'", ( 4 -54) 

and recalling that for the Mobius amplitude 

2t r 3 

vre ~ 2vrSg a - — q 3 a B 3 , (4.55) 

we obtain at the second order in the magnetic field 


M 


2 v^ 

( 4^)2 


N 


jdl^w'g 


v^B 2 tr Q 2 f d|_ /27r^ \ 

(47T 2 ) 2 J r) 12 \ 3 i ?2 6 ttt] 3 ) 


W e (6) + o(5 4 ) , (4.56) 


where N = 32 and trQ 2 = <Z 2 , where the zeroth order is the contribution due 

to the uncancelled NS-NS tadpole. 

Finally, from the second order terms one extracts the one-loop threshold correc¬ 
tions to the gauge coupling, that is 


A 2 


u (6) trQ 2 f ui 
2 vr 2 J r / 12 


2t r 2 _ < \ 

3 t ?2 6 mf J 




(4.57) 


The good infrared behavior of the last expression can be checked considering that 
the term proportional to r ?2 ( e /2)7?| i n the expression for the Mobius transverse 
amplitude (1^521) is independent of B in the £ —» 00 limit 


lim irq a B 

£—>00 


Me/2) 
Me/2) rf 


8 n q a B 
tan (ne/2) 


(4.58) 


where in the last equality we used the expression for e given in (USD- 

One can also check that the open infrared limit of threshold corrections recon¬ 
struct just the right one-loop /3-function coefficient of the low-energy effective held 
theory corresponding to the model. To study the behavior of (T7371) in such a limit 
it is convenient to consider the open channel. Threshold corrections from the open 
channel come only from the Mobius strip since the annulus is the same as in the 
supersymmetric theory, and in particular from a term 


—in tB I" dr ^4 2r ? 2 ( 7 e- 7 -/ 2 )-i?| ^ 

( 47 t 2 ) 2 J t 2 di(ier/2)ri 9 


(4.59) 
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that in the r —> oo limit and to the second order in the magnetic field behaves as 


1 

37T 2 


B 2 tiQ 2 


dr 


+ IR finite terms . 


(4.60) 


Hence, the leading open infrared limit of the threshold corrections, with the normal¬ 
ization trf un( j(5 2 = 1/2 of the generator Q in the fundamental representation, are 
given by 


A 2 = 


1 

4 



(4.61) 


where b = —16/3 should be the one-loop /3-function coefficient given by the usual 
four-dimensional formula, 14.261 In our case the model at the massless field theory 
level contains a four-dimensional gauge vector together with 3 complex scalars in the 
adjoint representation and 4 four-dimensional Weyl fermions in the antisymmetric 
representation, and thus one recovers 


11 2 1 16 
b= x 17 + - x 4 x 15 + - x 3 x 17 = -— , (4.62) 

OOO O 

where for USp(N), with the normalization chosen, T(fund.) = 1/2, T(adj) = 
C 2 (adj) = N/2 + 1 and T(antisynr.) = N/2 — 1. 


4.2.3 Brane supersymmetry breaking 

In this Subsection we will compute the threshold corrections for the T 4 /Z 2 brane 
supersymmetry breaking model m compactified on a further T 2 . This model con¬ 
tains D9 branes and D5 antibranes together with 09+ and 05_ orientifold planes, 
and thus the NS-NS tadpoles on the D5 antibranes are not cancelled. The gauge 
group is [50(16) x 50(16)]g x [U Sp( 16) x USp( 16)]s. 

The partition functions, that one can write starting from eqs (12331) and (12321) 
are 
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p(2) 1 
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(4.63) 


where we wrote explicitly the integrals with their right normalization and the contri¬ 
butions of the two transverse bosons and of the internal bosons. The moduli, ir /2 
for the annulus amplitude, and it/ 2 + 1/2 for the Mobius strip, are understood. 
Moreover we recall that 


N = n 4 + n 2 , 
Rn = n\ — 712 , 


D — d\ + d 2 , 
Rd = d\ — d 2 , 


(4.64) 


and that 

N = D = 32 , R n = R d = 0 . (4.65) 

The lattice sums and on one hand, and P ^ on the other hand, refer 

respectively to the T 4 torus of the orbifold compactification and to the additional 
T 2 torus. 

At this point we magnetize the D5 antibranes and, as usual, we turn on a 
magnetic field, P 23 = BQ, along the complex direction X 2 + iX 3 , where Q cor¬ 
responds to a 17(1) subgroup of one of the two gauge factors USp( 16), normalized 
to tr f U ndQ 2 = 1/2. Thinking of such 17(1) factor as embedded in 50(32), a good 
choice for it could be t? 32 x 32 = diag(l/2,—1/2,0 ••• 0) if Q C USp(d\ ) C 50(32), 
or Q 3 2 x 32 = diag(0 • • • 0, 1/2, -1/2) if Q C USp(d 2 ) C 50(32). 

Then, since only the D5 antibranes are magnetized, let us consider only those 
terms of the amplitudes that can couple to B, let us say with an obvious notation 
A, 55 + 59 and A4g. Notice that the term proportional to Q 0 + Q v in the annulus 
amplitude is the usual supersymmetric combination of tl-functions (it is like Vs — 5s) 


A {X=i) 



(4.66) 


and thus, in the presence of a magnetic field B, it would start at the order T? 4 , 
exactly as we already saw in the case of the Sugimoto model. This term in fact 
would give, after two T dualities along the directions of T 2 that transform the D5 
antibranes into D3 antibranes, the threshold corrections to gauge couplings (actually 
vanishing) of the four-dimensional J\f = 4 super Yang-Mills theory. 
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Using eqs. (ITT681) and (ESH) to express the characters in terms of d-functions, 
the amplitudes read 


“4-55-1-59 — “4^ 4 ' ) — 
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(4.67) 


where we used di( 0 |r) = 0 without losing any of the terms that can couple to B , 
since, when we will turn on the magnetic field, in each term containing di-functions 
there will be at least one di evaluated at z = 0. Notice that the first contribution to 
A4, apart from a factor 1/2 due to the orbifold projection, is the same that we found 
in the case of Sugimoto model, and so it will contribute to the threshold corrections 
with the same term we already wrote in eq. (14.571) (apart from the additional factor 
1/2 originating from the orbifold projection). 

After the turning on of the magnetic field, whose action on the oscillator fre¬ 
quencies is given by 
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the open amplitudes read 
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where we used the fact that Rjy is identically zero and we fixed N = 32. The matrix 
R is defined as R = diag(l • • • 1, —1 ■ • • — 1) with d\ = 16 entrances equal to +1 and 
c ?2 = 16 entrances equal to — 1 . 

Now it is easy to perform an S-modular transformation for the annulus ampli¬ 
tude, and a P transformation for the Mobius strip, to write the amplitudes in the 
transverse channel. The annulus gets a factor 1/2 from the lattice sum and a fac¬ 
tor 1/2 from the integral measure, while the Mobius gets only a factor 2 from the 
integral measure. If we denote with V 3 the normalized (as in rrnu: volume of the 
further T 2 , and with V\V 2 the normalized volume of the internal T 4 (that we think 
of as T 2 x T 2 ), the amplitudes in the transverse channel are given by 
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At this point we can derive the threshold corrections. Using the dehnition of e for 
A 55 given in eq. (14.681) . e ~ ( q a + Qb)B , and recalling that $ 2 , 3 , 4 (e) are even functions 
of their arguments, so that in their expansion there is the quadratic term in e but 
not the linear one, we can expand the first contribution to the annulus up to second 
order in the magnetic held, obtaining 


32 
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where we used the identity (IA. 141) between ^-functions 


(4.71) 


~ i? 2 ^ 2 i?| = 47rVtf 2 . (4.72) 

The term proportional to (tr R ) 2 is identically zero since (tri ?) 2 = R? D = 0. Also 
the second term is identically zero, being proportional to 2tr (Q 2 R)Rd + 2tr(QR) 2 , 
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and recalling the form of Q and R. Therefore this part of the annulus gives neither 
tadpoles nor threshold corrections. 

Performing the same type of expansion in the second contribution to the annulus 
amplitude and in the second contribution to the Mobius amplitude, that have the 
same structure, it is easy to extract from them the term proportional to B 2 

4 ^2 3 tr Q 2 / di (^ (2) - W e 2) ) , (4.73) 

where we used the suitable definition of e given in m . and the identity (IA.15I) 

02040i - 030301 = 47 T 2 Tf$l . (4.74) 

The corresponding contribution to the threshold corrections is then given by 

Af= 2 ) = 2v 3 trQ 2 J dl (W {2) - 1T e (2) ) . (4.75) 

We have to stress here that this result has the same structure as the four-dimensional 
J\f = 2 supersymmetric T 4 /Z 2 x T 2 model ll()2j . and this fact can be understood if 
one notes that ND term in the annulus amplitude and the last term in the Mobius 
amplitude, from which we derived (HH , are the same as the supersymmetric T 4 /Z 2 
orbifold, apart from a change of chirality. Moreover we notice that only the short 
BPS states of J\f = 2 contributes to while all the string oscillators decouple 

according to mm- In order to clarify the relation with J\f = 2, let us consider 
the open infrared limit of A^ -2 ^. To do that we come back to the direct channel 
and we consider the B 2 terms from the mixed ND sector in the annulus amplitude 
and from the second addend in the Mobius strip. After using the identities HA.141) 
and (IA.15II . we obtain 

Af= 2) = trQ 2 J ( ^~ (4P (2) - P (2) ) , (4.76) 

where the first lattice sum comes from the annulus amplitude while the second 
comes from the Mobius amplitude. The integral can be computed, and indeed this 
was done in m , but here let us consider the r —» 00 limit after which only the 
massless Kaluza-Klein recurrences survive. Cutting-off the integration variable to 
r < l//x 2 and fixing trf unc jQ 2 = 1/2, the leading term for r —* 00 of A^ - ^ is 4 

aW- 2 ) _ _ _! x ^(A/"= 2 ) i n ^2 _|_ fi n it e terms , (4.77) 

4 Really, what here we call Ais half of the standard result that one would obtain in the 
supersymmetric T 4 /Z 2 since in that case the trace of Q 2 runs both on the fundamental and on the 
anti-fundamental representations of the unitary gauge group. 
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where 

b (M=2) = 12 ? ( 4 . 7 8 ) 

is the standard one-loop /3-function coefficient of the four-dimensional J\f = 2 super 
Yang-Mills theory with a gauge multiplet in the adjoint representation of the gauge 
group ,S[/(16), two hyper-multiplets in the 120, and 16 hyper multiplets in the funda¬ 
mental representation (this is just the open massless content of the supersymmetric 
T 4 /Z 2 model compactified to four dimensions) 

b {Ar= 2) = 2 [- C 2 (adj) + 2 x T(120) + 16 x T(fund)] = 12 . (4.79) 


On the other hand the complete expression for the threshold corrections of this 
model is obtained adding to the non supersymmetric contribution propor¬ 

tional to V 3 /V 1 V 2 coming from the Mobius strip, whose structure was already ana¬ 
lyzed in the case of the Sugimoto model (see eq. 03D). Taking into account all 
the contributions, the result is 
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The leading infrared (in the open channel) term is simply obtained adding to 
—- = 6 the non supersymmetric contribution £>W=o) = — 8/3 that we already 
discussed in the case of the Sugimoto model (here there is an additional factor 1/2 
due to the orbifold projection). This sum reproduces the right four-dimensional 
one-loop /3-function coefficient of the low-energy effective field theory, as one can 
check using the formula (1X261) 
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11 4 f 1\ 2 1 
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(4.81) 


where the massless four-dimensional fields charged with respect to the magnetic 
field are: from the DD sector a gauge vector together with a complex scalar in the 
adjoint representation, 16x2 complex scalars and 16x2 Weyl fermions in the funda¬ 
mental representation, 2 Weyl fermions in the antisymmetric representation, while 
from the ND sector 16 complex scalars and 16 Weyl fermions in the fundamental 
representation. 

Summarizing, the resulting threshold corrections for the brane supersym¬ 

metry breaking model compactified to four dimensions are given by a non supersym¬ 
metric term that originates from the Mobius amplitude and by a supersymmetric 
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term to which only the J\f = 2 BPS states contribute while string oscillators decou¬ 


ple. The remarkable property we want to stress is that, in spite of the presence of 
NS-NS tadpoles induced by supersymmetry breaking, the threshold corrections are 
ultraviolet (in the open channel) finite. Moreover, performing two T-dualities along 


the directions of the further torus T 2 , that turn the winding sums into mo¬ 

mentum sums P^ 2 \ the volume U 3 in the T-dual volume I/U 3 and the D5 in the D3, 


it is easy to see that, in the limit of large internal volume transverse to the D3, the 
non supersymmetric contribution is suppressed with respect to the supersymmetric 
one. Therefore, at the one-loop level, despite the supersymmetry breaking at the 
string scale on the antibranes, the threshold corrections are essentially determined 
by the supersymmetric contribution. This result confirms the conjecture, made in 
mm, that in the brane supersymmetry breaking model (and also in models with 
brane-antibrane pairs, as we will see in the next Subsection) threshold corrections 
in codimension larger than two are essentially given by supersymmetric expressions, 
due to the supersymmetry of the bulk (closed string) spectrum. 

4.2.4 Brane-antibrane systems 

In this Subsection we compute the threshold corrections for the model obtained 
adding M D5-D5 pairs to the usual supersymmetric T 4 jZi orbifold of the Type I 
super string E3EZ|. Let us begin by recalling the open amplitudes for the supersym¬ 
metric model (see (11.1891) and (11.19411 ), that here we write with the integral measure 
and the bosonic degrees of freedom 
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(4.83) 
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and n = n = d = d= 16. Moreover, we compactified two other dimensions on a 
further T 2 torus, as can be seen from the lattice sum pffl ■ 

Now we add the M brane-antibrane pairs. We denote with M + = M the number 
of D5 branes and with M_ = M the number of D5 antibranes. Moreover, as in 
Ol . we parameterize M + = m+ + m_|_, and M_ = m_ + m_, with m± = m± 
to distinguish branes (or antibranes) from their imagine. If the additional M + D5 
branes are placed, together with the original 32, at a given fixed point of the orbifold, 
while the M_ = M D5 are placed at a different fixed point, that for simplicity we 
take to be separated only along one of the internal directions, the resulting gauge 
group is U (16)g x [1/(16+ m+) x C/(?n_)] 5. The M pairs generate an NS-NS tadpole 
localized in six dimensions, that would be expected to introduce UV divergences in 
one-loop threshold corrections. 

Let us first analyze the annulus amplitude. The amplitude is obtained changing 
the RR signs in the transverse channel of the sectors corresponding to exchanges 
between branes and antibranes, and reads 
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(4.84) 


where the shift of the windings in the term proportional to (D + M + )M_ is 

due to the separation between D5 branes and D 5 antibranes. Moreover, we see that 
there are no mixed terms proportional to R-n+M + R-M_ and the reason is that such 
a term would come from the one proportional to I^+ 4/9 that has no zero modes 
to project. The twisted sector is simply the one of the supersymmetric case with 
D replaced by D + M + and Rd by Rd+m+ together with the addition of mixed 
terms between the N D9 branes and the M_ D 5 antibranes, terms that apart from 
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a change of chirality are the same as those of the brane supersymmetry breaking 
model. 

On the other hand, it is easy to write the Mobius amplitude for which the same 
characters propagate both in the direct and in the transverse channel (see (11 .1 1)41) and 
mmio , so that in practice one can reverse the signs of the RR sectors proportional 
to M_ directly in the open channel. The amplitude reads 
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Let us notice that, while the first and third lines in are essentially the same 

as the corresponding terms in the supersymmetric case with D replaced by D + M+, 
the other two lines, proportional to M_, describe respectively the interactions of the 
D 5 antibranes with 05+ planes, and with an 09+ plane. Hence, the fourth line is 
the same as the corresponding term in the brane supersymmetry breaking model, 
apart from the usual change of chirality, while the second line has an opposite sign 
due to the fact that here there is an 05+ plane while in the brane supersymmetry 
breaking model there is an 05_ plane. 

At this point we can proceed with the background field method. Let us choose a 
U (1) generator Q in the Cartan subalgebra of the group SU (16+m+), with the usual 
normalization tr f un dQ 2 = 1/2, where the generator Q has no components along the 
anomalous U{ 1) factor. Moreover in the Chan-Paton basis in which we wrote the 
amplitudes and dEBU) the fundamental and anti-fundamental representations 

of the group are disentangled m- 

The only sectors that can couple to the magnetic field are the ones proportional 
to the total number of antibranes D + M+. In fact, the terms linear in Rpj vanish 
identically since Rn = 0. Moreover, if we denote with J the total number of D5 
branes, say J = D + M+ = j + j , and we parameterize Rj = Rd+m+ following 
Rj = i(j — j), with j = j, the Rj term in the annulus amplitude is proportional to 

Rj (Qo - Qv ) = -(j 2 + ] 2 - 2 jj) (Qo - Qv) , (4.86) 


and after the coupling with B it becomes 
- j j 

^ ' (/la L Qb) RaaRbb 4“ ^ ' (/In. 4“ f lj>) R a a Rj/ 
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3 3 3 3 


^ ^ ^ ' (Qa ~k Qb) RaaR-bb ^ ^ ^ ~k Qb) R-aaR-bb ( Qo Qv) (B) > (4.87) 


a=l b= 1 


where q a b and q a i run over the fundamental or the anti-fundamental representations 
of the unitary gauge group and the matrices R are R aa = Rbb = 1 jxj and Rnn = 
Rll = 1 j x j. Moreover, we left implicit the dependence of Q a — Q v on (q a + qb). 
Then, expanding for small magnetic field the character Q 0 — Q v . the zeroth-order 
terms reconstruct the term with /?,j, that is identically zero, while the quadratic 
order cancel thanks to the minus signs of the mixed jj terms. 

The last consideration to make is about the terms in the amplitudes that are 
proportional to the character Q 0 + Q v that is the supersymmetric one, and thus will 
give neither tadpole terms nor threshold corrections (we already saw that such a 
term would start at the quartic order in B). 

The only terms that contribute to threshold corrections are the one proportional 
to N(D + M + ) from the annulus, and the one proportional to D + M + from the 
Mobius, that are identical, apart from a change of chirality, to the ones already 
discussed in the previous Subsection. Therefore, their contribution to threshold 
corrections is the same as the first term in m> . Moreover, there is another con¬ 
tribution coming from the (D + M + )M_ term in the annulus, that is 



or in the transverse channel 
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(4.89) 


x 


The sum over the charges runs both in the fundamental and in the anti-fundamental 
representation of SU(16 + m+). At this point we can extract the threshold correc¬ 
tions expanding in B. Using the identity (IA. 181) . the numerator of the integral can 
be written 


+ = 2#l(e/2)+2tf 2 (e)0i 


(4.90) 


and one can recognize the usual term proportional to i9f(e) that, as we already know, 
starts at the fourth order in B. The remaining $ 2 (e) term, with 7re ~ it eq a B — 
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iq 3 a B\ is of the same kind we found from the Mobius in the previous Subsection 
and can be treated in the same way. Therefore the complete result for threshold 
corrections is 


A 2 = 2v 3 tr (Q 2 + Q 2 ) J di (w^ - \\>f^ 
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(4.91) 


The non supersymmetric contribution originates from the annulus and reflects the 
interaction between branes and antibranes located at different orbifold fixed points. 
This term is finite both in the ultraviolet and in the infrared limit (in the open 
channel). The ultraviolet finiteness (infrared in the closed channel) is ensured by 
the same argument of the previous examples, see eq. (14.581) . while the infrared 
finiteness is guaranteed by the separation between the branes and antibranes. The 
first contribution is the usual supersymmetric one m already met in the previous 
example. Therefore, like in the brane supersymmetry breaking model, in a model 
with brane-antibrane pairs, in spite of the presence of NS-NS tadpoles, the result 
is ultraviolet (in the open channel) finite. Moreover, in the limit of large internal 
volume transverse to the branes, the non supersymmetric contribution is suppressed 
with respect to the other one m and the result is essentially dominated by the 
supersymmetric part. 


4.2.5 Type O'B 

Let us finally consider the Type O'B model mmm whose open partition functions 
and (12.241) (with n = 0 in order to eliminate the open tachyon from the 
spectrum) are 

A = [( m + ?Ti ) 2 (^8 - C&) - (m - m) 2 (0 8 - S 8 )] , 

M. = (m + m)Cs , (4.92) 


and the gauge group is SU(32), with m = fh = 32. It is clear that from the annulus 
amplitude one can receive no contribution to threshold corrections, since one term 
vanishes identically after the effective identification of m and fh, while the other one 
is the usual supersymmetric character that would start at the quartic order in B. 
The only possible contribution to threshold corrections is given by the Mobius that 
in the presence of a magnetic hied B reads 
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where we compactified six dimensions on a torus and the Qa runs over both the 
fundamental and the anti-fundamental representations of the gauge group. We al¬ 
ready analyzed this kind of expression in the previous Subsections. In particular, 
apart from a factor 1/2, it is equal to the first addend in the Mobius expression 
of eq. (1X521) . where there is a further term the starts at the quartic order in the 
magnetic field. Therefore the threshold corrections are still the same 


Ao = — 
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The result is again ultraviolet finite while in the infrared limit it gives the usual 
logarithmic divergence with a one-loop f3 coefficient equal to 
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16 
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(4.95) 


where we used the fact that the massless spectrum in four dimensions contains a 
gauge vector together with three complex scalars in the adjoint representation of 
SU(32) and 4 Weyl fermions in the antisymmetric representation, together with 
four other Weyl fermions in its conjugate representation. For SU(N ) with the 
normalization fixed by tr Q 2 = 1/2 , T(fund) = 1/2, the quadratic Casimir of the 
adjoint is C^adj) = N, while T(antisym) = N/2 — 1. 








Conclusions 


In this Thesis we approached at first the problem of tadpoles in Field Theory, where 
in a number of toy models we tried to ask what happens if one quantizes the theory 
around a point that is not a real vacuum. We focused our attention on the classical 
vacuum energy, a quantity of relevance in String Theory. What we learnt from the 
case of a quartic scalar potential is that, starting from an arbitrary initial value of 
the field, classical tadpole resunmrations typically drive the classical vacuum energy 
to an extremum, not necessarily a minimum. Of course the resummation does not 
have to touch any inflection point where the resummation breaks down and further 
subtleties can be present, since at times the procedure can lead to oscillations. 
Moreover, we found some special initial “non-renormalization” points for which all 
higher order corrections cancel, so that the flow is determined by only a few steps. 
We gave an interpretation of the flow, and in particular of such special points, in 
terms of Newton’s tangent method. But the convergence of tadpole resummations 
is a complicated issue, and in general one has to make sure to start well within the 
convergence domain. This is the case for example of a quartic potential deformed by 
a magnetic held, where we saw that for a magnetic held that is too large, there are 
some regions where the tadpole expansion makes no sense and perturbation theory 
breaks down. 

We then analyzed the procedure for a string-inspired toy model with tadpoles 
localized on lower dimensional U-branes, performing explicitly the resummation. 

We also tried to turn on gravity, coupling it to a scalar held. Of course the 
computation here was more complicated, due to the nature of gravity, but actually 
in this case another subtlety emerged. Quantizing a theory of gravity with a tadpole 
term around a Minkowski background gives a mass to the graviton that is not of 
Pauli-Fierz type, so that a ghost propagates. Despite this new complication, the 
tadpole resummation proved to work directly. 

The resummation program is very difficult to carry out in String Theory, where 
the higher order tadpole corrections correspond to amplitudes of higher and higher 
genus. One could think to stop the resummation at the first orders but generally 
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tadpoles are large. Moreover, the resummation in String Theory could be of practical 
use if the endpoint of the resummation is a stable vacuum of the theory. In that 
case the existence of the “non-renormalization” points in some string models would 
be of a great practical value. 

In String Theory at first we analyzed a model in which the vacuum redefinition 
was performed at the full string level, without the need for a resummation. In 
particular we found that the correct vacuum of a Type II orientifold with local R-R 
tadpoles, is related to a Type 0 orientifold. Notice that this case is not really of 
the kind we search because NS-NS tadpoles are cancelled, but nevertheless is a very 
interesting first example that shows how the space configuration of a model can be 
interpreted, at the full string level, as the right vacuum, or the collapsing point, of 
an instable vacuum of another model. 

Other quantities that we computed are the one-loop threshold corrections to 
gauge couplings, showing that in a number of models with supersymmetry breaking 
and parallel branes the results are essentially given by the combination of a super- 
symmetric contribution and a non supersymmetric contribution that actually, in the 
large internal volume limit, is suppressed with respect to the other one. Moreover, 
we saw that, in spite of the NS-NS tadpoles, the one-loop threshold corrections are 
(open) ultraviolet finite, and we understood this finiteness in terms of a cancella¬ 
tion of the closed massless states propagating in the bulk. There is no motivation 
why this cancellation should occur also at the higher orders and indeed we are very 
interested in performing such an explicit computation at genus 3/2, that is left for 
a future work E2j. Prom a filed theory analysis, what we expect to happen in this 
case is that tadpole resummations lead to a breakdown of perturbation theory, and 
in particular that the genus 3/2 is of the same order as the disk contribution. 

The dilaton-graviton cancellation we described in models with parallel branes 
does not apply to the case of intersecting branes. In fact the couplings of bulk 
fields to a brane depend from their spin and, since the D-branes (and O-planes) 
are not parallel in this models, the cancellation can no more work. And indeed, as 
observed in ESI, the one-loop threshold corrections are not UV finite in this type of 
models, but what can remain finite are the differences of gauge couplings for gauge 
groups related by Wilson lines, quantities that are of direct relevance for the issue 
of unification. We plan to analyze this class of models in relation with the tadpole 
problem in a future work m- 
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^-functions 


The ^-functions are defined through the infinite sums 
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where a, (3 = 0, t, . Equivalently, the Jacobi ^-functions can be defined in terms of 
infinite products 
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The modular transformations under T and S are expressed in a compact notation 
respectively by 
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and 
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(z|r) . 


More explicitly the modular transformations are 


d 3 {z\r + l) = t? 4 (2|t + 1), 
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The i?-functions satisfy the identity 

= 0, 

known as the aequatio identica satis abstrusa of Jacobi. 
Moreover, while 

$(0|r) = 0 , 

the first derivative of d\ at zero is 
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where the Dedekind 77 -function is defined by 
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A very useful identity is m 
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together with the identities computed at z = 0 [90] 


d^dl - d'ididi = , 

(A-14) 

and 


- 'd'id?A = 4 it 2 iM . 
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